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COMBINATORIAL RELATIONS AND CHROMATIC 
GRAPHS 


R. E. GREENWOOD anp A. M. GLEASON 


1. Introduction. The following elementary logical problem was a question in 
the William Lowell Putnam Mathematical Competition held in March 1953 (1): 
Six points are in general position in space (no three in a line, no four in a 
plane). The fifteen line segments joining them in pairs are drawn, and 
then painted, some segments red, some blue. Prove that some triangle has 
all its sides the same color. 
This problem may be generalized as follows: 
N vertex points are given, and r colors are available. Each of the 
3N(N — 1) segments joining two vertices is colored by one and one only 
of the r given colors. Find the minimum integer nm = n(k,, ko, ..., Ry) 
such that, if N > n, either there will exist a subset of 2, vertices with all 
interconnecting segments of the first color, or there will exist a subset of 
k, vertices with all interconnecting segments of the second color,..., 
or there will exist a subset of k, vertices with all interconnecting 
segments of the rth color. 
The elementary problem is then the special case r = 2, k, = 3, ke = 3, 
and essentially asserts that (3,3) < 6. A slightly more general form would 
assert that (3,3) = 6. 


THEOREM l. n(3,3) = 6. 


Proof. To show n(3, 3) > 5, consider the five points to be the vertices of 
a regular pentagon. Let the two colors be red and blue. Color the edges 
red and the interior diagonals blue. In this assemblage of 5 vertices and 10 
segments there is no triangle with all its sides the same color. 

To show 6 is a sufficient number of vertices, select some one vertex point 
and call it a. Of the five line segments terminating at a, select a set of three 
all of which have the same color. Consider the three segments joining their 
farther ends in pairs. If no one of these segments is of the same color as the 
initial set, then all three segments are of the other color and do form a required 
triangle. 

Note. The second part of the above proof is essentially the same as that 
given by one of the Putnam examination candidates. 


2. General case for 2 colors. We define 


n(1,m) = 
n(k, 1) = 


Received July 25, 1953; in revised form June 8, 
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It is easy to see that 


n(2, m) 
n(k, 2) 


m (m 
k (k 


2, 3, 4,.. de 
234.- 


The relation n(k, m) = n(m,k) is an obvious consequence of the symmetry 
or duality of the problem. 

It is possible to establish two inequalities for n(k, m) which are similar in 
appearance to a well-known identity for binomial coefficients. 

For convenience, a set of vertices K will be said to be a red interconnected 
set if all segments joining pairs of vertices in K are colored red. A set of 
vertices M will be said to be a blue interconnected set if all segments joining 
pairs of vertices in M are colored blue. In the minimum vertex number 
n(k, m), the first argument will be used for the red color, and the second argu- 
ment for the blue color. 


THEOREM 2. n(k,m) < n(k — 1,m) + n(k, m — 1). 


Proof. Let T be any set of m(k — 1, m) + n(k, m — 1) vertices. Form a 
chromatic graph by coloring each interconnecting segment either red or blue. 
Select one vertex and call it a. For vertex a consider the two associated 
numbers: 

nm, = number of vertices such that the segments joining them to a are red, 

m2 = number of vertices such that the segments joining them to a are blue. 


Call these sets of vertices JT; and 7>. 
Since all vertices other than a belong to either 7; or T2, one obtains 


nm, + m2+1 = n(k — 1,m) + n(k, m — 1). 


If nm, <n(k — 1,m), then nm, > m(k, m — 1) and one selects the set 7>. 
In 7, there is either a red interconnected set S; with Rk vertices or a blue inter- 
connected set S; with m — 1 vertices. If the latter holds, the set {.S; + vertex 
a} is a blue interconnected set with m vertices. Hence the inequality of 
Theorem 2 is established for this case. 

If mn; > n(k — 1, m), one selects the set 7;. In 7, there is either a red 
interconnected set S; with k — 1 vertices or a blue interconnected set S, 
with m vertices. In the first case the set {.S; + vertex a} is seen to be a red 
interconnected set with k vertices. The proof of Theorem 2 is now complete. 


COROLLARY 1. 


n(k, m) < ory } 


k-—1 
By an obvious extension of this argument one may prove: 
CoROLLARY 2. For the case of more than two colors, 


n(k,, Re,...,Rr) < n(ki — 1, ko, ..., Rr) + n(Ri, Re — 5 _ , R,) 
+ n(ki, ko, ...,k- cand 1). 
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COROLLARY 3. For the multi-color case, an inequality on the size of the 
minimum number is afforded by the multinomial coefficient 


(ki +ko+...+h,)! 
n(kit+lkot+1,...,ke $1) < ky! ko!... ,! . 


THEOREM 3. Ifn(k — 1,m) = 2pandn(k,m — 1) = 2q, then 
n(k,m) < 2p + 2g = n(k — 1, m) + n(k, m — 1). 


Proof. Take a set of 2p + 2¢ — 1 vertices. Select one vertex and call it a. 
There are 2p + 2¢ — 2 segments terminating at a. Three possibilities might 
arise: 

(a) 2p or more segments terminating at a are red, 

(b) 2g or more segments are blue, or 

(c) 2p — 1 segments are red and 2q — 1 segments are blue. 

For case (a) consider the set 7, of the vertices at the farther ends of the 2p 
or more red segments. Since the number of vertices in 7; is greater than or 
equal to n(k — 1, m), there is either a red interconnected set S, with k — 1 
vertices or a blue interconnected set S, with m vertices. In the first situation, 
the set {.S; + vertex a} is a red interconnected k vertex set. Thus the theorem 
is true for case (a). 

Likewise, a similar argument holds for case (b). 

Case (c) cannot hold for each vertex of the chromatic graph. For if it did 
hold, then there would be (2p + 2¢ — 1)(2p — 1) red ends. This calls for an 
odd number of red ends, but since each segment has two ends, the number of 
red ends is required to be even. Hence there must be at least one vertex where 
either case (a) or case (b) holds, and the theorem is true for both these cases. 





3. Special values for the two color problem. It is known that m(2, 4) 
= 4 and n(3,3) = 6. From Theorem 3 it follows that n(3,4) < 9. This 
value shows that the strict inequality sign in Corollary 1 has to be used in 
some cases. 

To assist in evaluating 2(3, 5) consider the 13 element field with the elements 
numbered from 0 to 12 inclusive and take each field element as a vertex in a 
graph. The cubic residues in this field are 1, 5, 8, and 12 = —1 (mod 13). 
If the difference of two vertices is a cubic residue, color the corresponding 
line segment red. If the difference is not a cubic residue, color the corresponding 
line segment blue. Since 1 and —1 are both cubic residues, the order of differ- 
encing is immaterial. In this chromatic graph there is no subset of three which 
is red interconnected and no subset of five which is blue interconnected. 
Hence n(3, 5) > 13. 

Theorem 2 may now be used to remove the doubt as to the values 2(3, 4) < 9 
and (3,5) > 14. Since (2,5) = 5 and n(3, 5) < n(2, 5) + (3, 4), one 
readily obtains that (3, 4) = 9 and m(3, 5) = 14. 

It will now be shown that (4, 4) > 17. Consider the field of 17 elements 
numbered from 0 to 16 inclusive. Let each element be a vertex. If two vertices 











4 R. E. GREENWOOD AND A. M. GLEASON 


have a numerical difference which is a quadratic residue of 17, the corres- 
ponding segment is to be colored red. Note that —1 = 16 (mod 17), a square, 
and hence the order in which the subtraction is performed makes no difference. 
The other segments are to be colored blue. 

Suppose that some four vertices are connected by segments of one color. 
Without loss of generality, one of these vertices may be considered to be the 
field element marked 0. Call the other three a, 6, c. Then the six numbers 
a, b, c, a— 6b, a—c, and 6 —<« are either all residues or all non-residues. 
Since a is not the zero element in the field, multiplication by a is permissible. 
If one sets B = ba~' and C = ca, one can consider the new set of six numbers 
1, B, C, 1 — B, 1 — C, B — C. All of these must be quadratic residues of 17, 
further none of them can be zero. But the residues of 17 are 1, 2, 4, 8, 9, 13, 
15 and 16 and it is impossible for all members of the set above to be residues. 
Theorem 3 may now be used to establish that (4, 4) = 18. 

On the basis of these values, an array may be set up giving the known 
values n(k, m) as entries in the body of Table 1. 





TABLE I 

m = 1 2 3 4 5 6 7 
k=1 1 1 1 1 1 1 1 

2 1 2 3 4 5 6 7 

3 1 3 6 9 14 19 or less 

4 1 4 9 18 31 or less 

5 1 5 14 31 or less 

6 1 6 19 or less 

7 1 7 





The authors desire to point out that deep combinatorial questions are 
encountered in attempting evaluations of the minimum numbers. In this 
paper proof or disproof of the possibility of a chromatic graph construction 
leans heavily upon finite field theory. 


4. Three or more colors. For three colors, red, green and blue, the evalua- 
tion of 2(3, 3, 3) may be of interest. 
THEOREM 4. #(3, 3,3) = 17. 


Proof. It will be convenient to give the proof in two parts. First, one may 
show that (3, 3,3) > 16 by use of a 2‘ = 16 element field. In such a field 
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the elements may be identified by the symbols 0, x, x*,...,x"* = 1. To 
assist in identifying cubic residues, one may factor 


x8 — 1 = (xt — x — I(a" 4+ x84 247 4+ 2§ 4+ x?§ + 47?+2%+1) ~ (mod 2), 


and take x as a root of x — x — 1 = 0 (mod 2). Then the cubic residues of 
the field elements are x*, x* + x?, x? + x, x*' + x? + x + 1, and 1. The field 
elements are taken as vertices and a chromatic graph is constructed as follows. 
If the difference of two vertex elements is a cubic residue, the corresponding 
segment is colored red. If the difference of two elements belongs to the first 
coset of the cubic residues in the multiplicative group of the non-zero field 
elements, the segment is colored green. If the difference belongs to the second 
coset, the segment is colored blue. These specifications define completely the 
chromatic graph. Again one notes that —1 = 1 (mod 2), and the order of 
differencing is immaterial. 

Suppose now that a set of three vertices is completely interconnected by 
segments of. the same color. Without any loss of generality, the color may 
be considered as red and the vertices may be considered as having been 
numbered 0, 1 and A, where A and (1 — A) are both cubic residues. But a 
comparison with the list of cubic residues above shows that this situacion 
cannot arise. Hence there is no set of three vertices interconnected by segments 
of the same color, and n(3, 3,3) > 16. 

For the second part, it must be proved that 17 is a sufficient number. 
In any chromatic graph with 3 colors and 17 vertices, select any one vertex 
and call this vertex a. At least six segments terminating at a must all have 
the same color. If in the subgraph consisting of a and the six farther ends 
there is no triangle of the original color, then all interconnections among the 
six farther ends must be of the other two colors. But this is now a case of 
n(3, 3) = 6, and there is an interconnected set of three here. 


Remark. This example serves also to prove that (6,3) > 16. One imagines 
the graph to be examined by a man who is red-green color blind and hence sees 
only two colors, namely blue and red-green. Supposing that there is no set 
of three vertices interconnected in blue, then the existence of a set of six 
interconnected in red-green would furnish a red triangle or a green triangle, 
since (3, 3) = 6. 


THEOREM 5. 41 < n(3, 3, 3,3) < 66. 


Proof. The upper bound given in the theorem follows at once in the same 
way as used in the proof of Theorem 4, i.e., reducing to the next lower case. 

To establish a lower bound, one could consider chromatic graphs whose 
cosets of fourth power residues were employed in connection with fields in 
which the multiplicative group is of order 4k. This suggests the primes 41, 
53, 61 and the extension field of 49 elements. Unfortunately, —1 is not a 
quartic residue for the cases 53 and 61, and the order of subtraction of vertex 
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elements would affect the question of what coset of residues the difference is 
in, and thus lead to a non-unique coloring scheme. For the 41 element field, 
the quartic residues are 1, 4, 10, 16, 18, 23, 25, 31, 37 and 40. There are no 
consecutives in this list, and thus 2 triangle whose vertices are 0, 1, and A 
cannot be interconnected by segments of the same color. Thus (3, 3, 3, 3) >41. 
The authors have not further narrowed the range on n(3, 3, 3, 3). 


5. Upper and Lower Bounds for (3"). Let t, = n(3") = n(3,3,..., 3). 
The upper bounds used in Theorems 1, 4 and 5 can all be obtained by the 
use of 


THEOREM 6. tro < (r + 1)(t, — 1) + 2. 


This theorem is easily proved by induction; and then it is trivial to 
establish, also by induction, that 


brat < 3(r + 1)!. 


A somewhat sharper inequality may be obtained, however, without any 
added difficulties. It has already been established that 


te < [(r!) e] + 1, y = 2, 3, 4, 
where [M] means the greatest integer contained in M. Such a bound holds for 


all integers r > 2, for if it did not there would be a least integer, say s + 1, 
for which the relation failed to hold. By Theorem 6, 
tera < (s + 1)[(s!) e] + 2, ‘>. 
But [(s + 1)! e] = (s + 1)[(s!) e] + 1, and hence 
tear < [(s + Ll! e] +1 
and the stated upper bound follows. 

For ¢s, an upper bound of 327 is thus obtained. In order to determine a 
possible lower bound, one may generalize to some extent the previous 
arguments for lower bounds. 

Assume a chromatic graph with p vertices (where the p vertices are to be 
thought of as field elements) and 5 colors. To ensure uniqueness of coloring, 
one would require that —1 be a 5th power residue. If p is odd, this means that 
5 divides $(p — 1). If p is even, then —1 = 1 (mod 2) and the condition that 
—1 be a 5th power residue is trivially satisfied. 

For r = 5, and restricting p to primes less than 327, one sees that 317, 
313, 307, 293, 283 do not satisfy the divisibility condition and hence 311 and 
281 (which do satisfy the divisibility condition) are the most likely cases. 
For the field with 311 elements, 168 and 169 are both quintic residues. Thus 
the argument that the triangle with vertices at 0, 1 and A cannot be inter- 
connected by segments of the same color breaks down because of this unit 


difference in the quintic residues. The authors have not made a complete 
investigation of the case p = 281. 
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6. Relationship to Fermat's theorem and a certain trinomial congruence. 
Returning to the general case for a lower bound to m(3"), one requires that 
— 1 be an rth power residue in a field of p elements. This requires a divisibility 
condition (already stated for 5), namely that r divides 4(p — 1) when # is 
odd. One also requires that there be no solution of the trinomial congruence 


1'+x"'+y' =0 


in the field. This congruence has been extensively studied by people interested 
in Fermat’s theorem (2; 3). Under the conditions assumed above a chromatic 
graph on p vertices with r colors can be so constructed that no monochromatic 
triangle appears. 

Since an upper bound for m(3’) has been established by Theorem 6, it 
follows that when p > n(3’) and a chromatic graph has been constructed with 
r colors on the p field elements, a monochromatic triangle must appear. For 
such cases, then, the trinomial congruence is solvable. 

The previous restriction that r divides 4(p — 1) may be stated as r divides 
p — 1 when ¢ is odd. This may be interpreted as requiring the group of rth 
residues to have r cosets (including the original group of residues as one of 
its cosets). If r does not divide p — 1, then in the field being an rth power is 
the same thing as being an mth power, where m is the greatest common divisor 
of r and p — 1. 

In view of the existence of the upper bound one obtains the result that there 
are only a finite number of finite fields for which the trinomial congruence is 
not solvable for given r (3). 
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REMARKS ON FINITE GROUPS DEFINED BY 
GENERATING RELATIONS 


ROBERT FRUCHT 


1. Introduction. After establishing a duplication principle (§2) which 
enables us to derive a group of order 2h with k + 1 involutory generators 
from any group of order # with k generators, we shall prove the following 
combination principle: 

Let § and @ be two groups, each having k generators, such that the rth 
generators of § and @ have relatively prime periods for each r from 1 to k. 
Then the direct product § X @ can likewise be generated by & elements 
(instead of 2k, as might be necessary without the condition imposed on the 
periods). 

In the rest of the paper these two theorems are used as tools in the topological 
problem of finding symmetrical graphs of degree 3. Indeed, by a method that 
essentially goes back to Cayley and has already been used by the author in an 
earlier paper (6), any group with three involutory generators gives rise to a 
graph of degree 3, and the “duplication principle” enables us to derive such a 
group from any group § with two generators. The corresponding graph has 
2n vertices, where m is the order of §, but it will be symmetrical only if 5 
satisfies a certain symmetry condition (§4). Some such groups can be combined 
by the “combination principle” to yield interesting examples of symmetrical 
graphs (§§5, 6). 

I wish to take this opportunity to thank H. S. M. Coxeter for his criticism 
of the present paper in manuscript, and especially for adding some of the 
examples, and to thank R. M. Foster for telling me about the symmetrical 
graphs found by him. 


2. The duplication principle. Let § denote a finite abstract group whose 


generators S;, So, ..., S, are subject to the sole defining relations 
FSi, Sa, ..., Sy) = 1 (¢ = 1,2,...,m), 
where f;(S;, So, ...,S,) denotes a product of powers of some or all of the 
generators. Let G denote an abstract group whose generators 7;, T2,..., Tes 
are subject to the sole defining relations 
TT? = T2? = ce = T5417 = ® 
fATiT2, TT, re | T; Tx+1) = 1 (4 = # 2, oeey m). 


Then the order of & is twice that of §. 


Received April 10, 1954. 
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Proof. The mapping 
Ti1T2—> Si, T2T3— S2,... 5 TrTe41 @ Sy 
establishes an isomorphism between § and a subgroup 
{TiT2, T27Ts,..., TeT x41} 


of @. This subgroup is of index 2 since it consists of all those elements of G 
which are products of even numbers of T’s, e.g., 


T3717; = T3172 ° T27; = (T2T3)71(T1T?)—. 


Example. Applying this principle to the cyclic group €,, defined by 
S* = 1, 
we obtain the dihedral group D2, (of order 2m) in the form 
T? = T,? = (7,7T;)* = 1 


When n = 2, this is the four-group @: X €:. (Thus © is sometimes, but not 
always, the direct product of § and the group of order 2.) 

More generally, whenever § is Abelian and k = 1 or 2, @ is “‘generalized 
dihedral” in the sense of Miller (9, p. 168). 


Remark. It is sometimes convenient to give § an extra generator S,4:, 
corresponding to 7;4:71, and to insert the extra relation 


SS. eee SeSeis =] 


(10, p. 26). 
3. The combination principle. Let § denote a finite group whose gen- 
erators R,(r = 1,2,...,) are subject to the sole defining relations 
F(R, Re, ..., Ry) = 1 (¢ = 1,2,..., ms). 


Let G denote another group having the same number of generators S;, S2,..., 
S,, subject to the relations 


gs(Si, S2,...,S,) = 1 (¢=1,2,...,%). 


Let a, be the period of R, (in §), and 5, that of S, (in G). The direct product 
% X G can obviously be generated by 2k elements. Jf, for each r, a, and b, 
are relatively prime, § X @ is isomorphic with the group R having only k genera- 


tors, say U, (r = 1,2,...,&), subject to the defining relations 
f(Us", Us, ...,U2") = 1 («= 1,2,...,m), 
g(U.", ee ee -_ 1 (a ai 5 ee" 


I aed | PMS Pll! Pg (7 ss; r,s =1,2,...,h). 
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Proof. & contains a subgroup 
Rp = {Ui", Us", ..., Ur} 
isomorphic with §, and a subgroup 
Ro = {Ui", U2", ..., U2} 
isomorphic with @. These have no element in common (except the identity), 
and each generator of 8 » commutes with each generator of Rg. Hence the 2k 


elements 
Se @=1,2...,8) 


will generate the direct product Rr X Re, isomorphic with § X G. To 
verify that this subgroup Rr X Re coincides with the whole group &, we 
express the generators U, of the latter in terms of these particular powers, as 
follows. Since (a,, b,) = 1, we can find positive or negative integers a, and 8, 


such that ad a ws te 
then 


(U,“)"(U,")" = U, (ry = 1,2,...,). 
Example. Take § to be the D2, defined by the generating relations 
Ry* = R,? = (RR:)*? = 1, 
and @ the same dihedral group, but with the generating relations 
Si)? = S* = (S,S:)? = 1. 
Then if m is odd, the group R = {U,, U2} defined by 
U,* = U.* = (U;°U3")? = (Ui*U;*)? = 1, 
UsUS = UU", UYU2? = U2U;* 
will be isomorphic with the direct product Da, X Da. 


Similarly, the direct product of two icosahedral groups, 


° = RR} = (Ri R:)? = 1 


and 
i? _ S:5 - (S,S2)? = 1, 
is 
U;'5 = U,"* = (U;3U;5)? = (U,5U;*)? = a 
U;5U5 = UU ;5, U;? U2? = U2*U;? 
(cf. 2, p. 322). 


Remark. When k = 1, this combination principle reduces to the well known 
fact that the direct product of two cyclic groups with relatively prime orders 
is again a cyclic group. Another special case, given by 

b,=...25 = 1, 
is Theorem II of Carmichael (1, p. 167). An extension of our principle to 
more than two “factors’’ is obvious. 


-- 





_ —yT- 
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4. Application of the duplication principle to the construction of symmetrical 
graphs of degree three. Any group @ generated by three involutory elements 
has a graph of degree three for its “Cayley colour group”; eg., the 
Abelian group 2 X ©: X €: is represented by the vertices and edges of a 
cube (7, p. 38). If G admits an automorphism such that the three generators 
undergo a cyclic permutation, then the graph is symmetrical (6, p. 243). 
A great variety of symmetrical graphs can be derived from groups in this 
manner; the simplest that cannot is Petersen's graph (as R. M. Foster observed 
in a letter to the author). 

A group @ whose generators 7;, 72, 7; are involutory can be derived by 
applying the duplication principle to any finite group § with k = 2. Expressing 
§ in terms of three generators S;, S:,.S; whose product is 1, we see that an 
automorphism of @ that cyclically permutes the 7’s arises from an auto- 
morphism of § that cyclically permutes the S’s. Accordingly, we say that a 
group § with two generators, S, and S:, fulfils the symmetry condition if it 
admits an automorphism such that the three elements S,, S; and 


S3 = (S; S:)-! = S$: S$; 


undergo a cyclic permutation. 

Starting with any group $ of order n, that fulfils the symmetry condition, the 
duplication principle will yield a symmetrical graph of degree three having 2n 
vertices and 3n edges. 

It should, however, be remarked that non-isomorphic groups of the same 
order can sometimes give rise to the same graph (as has been observed by 
Foster). For instance, Coxeter’s graph {12} + {12/5}, formed by the 24 
vertices and 36 edges of the hexagonal net {6,3}+.2. on a torus (5, pp. 437- 
440), arises from two distinct groups of order 12: the tetrahedral group Ti, 
defined by 


4.1 5° = S,° = (S;—'S,)*? = 1, 
and the Abelian group 

4.2 S;? = S2? = (S,S:2)-?, SiS: = SoS; 
or 


S?? = S2? = 53%, S, S2S3 = S3S2 Si = a 


which is the direct product ©; X Gs or ©: X G2 X Gs. 

It is clear that the graphs obtained by applying the duplication principle 
to suitable groups are always of the special kind which K6nig calls ‘‘paar”’ 
(8, p. 170): the vertices of such a graph can be coloured alternately blue and 
red in such a manner that two vertices of the same colour are never joined by 
an edge. An important class of ‘‘paar’’ graphs are the “Levi graphs’ of con- 
figurations (5, p. 413); e.g., the graph {12} + {12/5}, mentioned above, is 
the Levi graph for a configuration 12;. Although symmetrical graphs that are 
not “paar’’ cannot be obtained by the duplication principle, they may still 
sometimes be obtainable as ‘“‘Cayley colour groups”’; e.g., Foster’s graph of 
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girth 9 with 60 vertices (11, p. 459) represents the icosahedral group generated 
by the three permutations 


(12)(3 5), (13)(45), (14)(25). 
Incidentally, the same icosahedral group can also be generated by the two 
elements 
S, = (12345), S,; = (13425), 
which satisfy the symmetry condition with S; = (14235). Applying to 
this group § = {S,, S2} = {5S:, S:,S;} the duplication principle, we obtain 
the extended icosahedral group ©. X § generated by 
T, = (12)(35)(67), JT: = (13)(45)(67), Ts = (14)(25)(67), 


and this yields a graph of girth 10 with 120 vertices (also found by Foster). 


5. Further examples of groups satisfying the symmetry condition. 

5.1. Abelian groups (as well as some others such as the above-mentioned 
tetrahedral group) yield graphs whose girth is 6 (or less). Indeed, the relation 
S,S:-1S;-'S2 = 1, which holds in an Abelian group § = {5S,, S:}, corresponds 
in & to the relation 

(T; T,T;)? = 1, 
which gives rise to hexagons in the graph. 


In particular, the Abelian group 


5.11 S,? = S,° = SS", SiS: = SS; 
or 
S,’ = S2°, 2” = S3°, 3° = 51°, S1S2S3 _ S3S2S1 =1 
yields the graph of vertices and edges of the regular map {6, 3},,. on a torus 
(5, p. 421). This group, of order 
n= 6? + bc + c?, 
is ©, X G,/z, where d = (b,c). 
If d = 1, it is simply the cyclic group &,. Since 

(2b + c)? = 4n — 3c’, 
the possible values of m are 

3, 7, 13, 19, 21, 31,..., 


for all of which (except the first) —3 is a quadratic residue. Thus ©, yields a 
graph with 2m vertices whenever m is an odd prime not of the form 6m + 5, 
or a square-free product of such primes. In this case the congruence 
x?+x+12=0 (mod n) 
or 
(2x +1)? = -3 (mod 4n) 


— i AE 


— — Fr — 
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has a solution x, and the same graph {6,3},,. arises from the same cyclic 
group ©, in the form 


S;" = - S;* = Se 
Since 


Si* = Sand SJ = S;" = S;*" = S;"S;", 
the symmetry condition is fulfilled by the automorphism which transforms 
each element of ©, into its xth power. 
Setting c = 0 in 5.11, we obtain the direct product ©, X ©, defined by 


S, = S;? ™ ie SS. = SS; 
or 


S,° = S2” = 3° = SSS; = S3S2S) = ] 


(3, p. 97), which yields the graph {6, 3}»,o with 2b vertices. 
Another instance, given by c = ), is the ©, X x defined by 


S,’ — S,” = S;°, S,S2S; = S;S.S; = 1, 
which yields the graph {6, 3}... with 6b* vertices. 


5.2. A non-Abelian group of order 3b’, yielding the same graph [{6, 3}».», 
is 
1? = S,*? = (S,S,)* = (S,-'S,)’ = 1 


or 


2 = S,? = S;? = SSS; = (S;-'S2)” = (S:-'S3)’ = (Ss“S))’ = 1 
(3, pp. 99-100). When b = 3, these relations are equivalent to 
S;? = S;' = a S171S27'S,S2 Be = S, ° Sy7S37'S,S2 (4 = 4 2) 

(1, p. 38, Ex. 26, 29) or 
5.21 S;? = S,* = S;* = S,S2S3 

Thus another generalization is 
5.22 S,° = S, = S;? = S,S2S; = 5 S2S1S3 = SS2S1 = S,S3S2, 
of order \b?, where \ is the period of S;S,S:, which is apparently 6 or $6 
according as b is odd or even. 

When 6 = 4, this is a group $32 of order 32, defined by 
5.23 S;* = S24 = (S;S:)4 = 1, S,2S2 = S2S1°,  SiS2? = S27Si, 
which gives rise to the author’s symmetrical graph of girth 8 with 64 vertices 
(6, p. 244 (3)). 

Extending 5.21 another way, we obtain 

Si) = S:* _ S;', S,S2S; = 1, S2S,S3 = S3S2S; = SSS. = Z, Z* = i, 

of order 81, and 


i? = S,° = S;° = S,S2S; = 1, S258; = S,S2S; = S,S2S.2 = Z, Z= l, 


a S2S,S; = S3S2S) = SyS3S>. 
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of order 243. The former yields a new symmetrical graph of girth 12 with 162 
vertices: The simplest known graph of girth 12. 


5.3. The quaternion group Qs, defined by 
2 = S? = (S,S:)* 


or 
S;? = S2? = S;3?, S1S0S3 = 1 


gives rise to a graph of girth 6 with 16 vertices, the {8} + {8/3} of Coxeter 
(5, p. 430). 
Applying the combination principle to this and the €; 


RR; = - Ry = Ro, 

we obtain the direct product €; X Os in the form 

U;,"? = 1, U;* = 4, 

Ui' = U2§ = (U;*U;*)’, 

UU = U,4U;', U;{U = UUs, 
which easily reduces to 

U? = U2? = (U,U:2)- 
or 
Uy? = Us? = U? = UUs, 
the (—2, —2, 2) of Coxeter (4, pp. 367, 377). The duplication principle gives 
rise to a symmetrical graph of girth 8, with 48 vertices, found by Foster. 
5.4. Applying the combination principle to the tetrahedral group T,. and 
the four-group ©: X G2, we obtain the group 
18 = So = S3° = S,S2S3 = (S:-'S2)? = (S27'S3)? = (S37'S))? = 1, 
of order 48, which can be generated by permutations 
(123)(56)(78), (134)(78)(90), (142)(90)(56), 
and yields a graph of girth 8 with 96 vertices. Similarly 
S,'? = S_'* = S3!? = S\S2S3 = (S:-'S2)? = (S2-'S3)? = (S;-'S,)? = 1, 
of order 96 (3, p. 101, footnote), yields a new graph of girth 8 with 192 vertices. 
5.5. The group 

5.51 5S,” = S_™ => (S;S2)" = a S,2S2S;? = So, S27S;S2? = S; 


5,” -_ S:™ - S;” = S,S2S3 =1, SSS = S:, S2°S;S;2? = S;, S3°S,S;? = Si, 
of order 4n', yields a graph with 8’ vertices, which has girth 10 if m > 3. 
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Thus a graph of girth 10 with 216 vertices comes from the group of order 108 
generated by 


(12)(456)(89), (23)(45)(789), (123)(56)(7 8). 
The above relations are easily seen to imply 
S°S2? = S,*S;?, S°S;? = S;°S;*, SS; = S,*S;’, 
so that the subgroup {5,’, S,?, S;?}, of index 4, is simply ©, X ©, X G. 


If m is even, this subgroup has a factor group of order 4n*, given by inserting 
the extra relation 


SYS2S? = 1 or (S:2S22S;?)" = 1 or (S;S2S:)" =]. 
Hence the whole group has a factor group of order 2m* (when n is even), given 
by inserting the extra relation 
(S:'Ss1S,S2)" = 1 or (S:S2S:)" = 1. 


This yields a graph with 4n* vertices (m even), whose girth is 10 if m > 4. 
Thus a graph of girth 10 with 256 vertices comes from the group of order 128 
defined by 


i® = S,° = (S,S,)* = (S,-'S;-'S,S;)? = 1, S,°S.S)? = S2, Si°S,S2 = S,. 


5.6. Similarly, the group 
5.61 0 Sy™ = Sy" = (SiS2)" = 1, SiS: = S2Si*, SiS: = S'S; 


or 
S,™* = S.™ = S;™ = S528; = 4 S,°S_ = S,S;?, S?S; = 53527, S37S, = S,S;3?, 


of order 4n’, yields a graph with 8n* vertices whose girth is 10 if m > 3; and 
if m is even, it has a factor group of order 2n'*, given by inserting the extra 
relation 
(S:-'S21S,S2)" = 1 or (S3S2S;)" = 1 
which yields a graph with 4n* vertices. 
When nm = 2, 5.51 and 5.61 both reduce to 5.23. But when m > 2, the two 
graphs are distinct, as R. M. Foster found by examining them in detail. 


5.7. A graph of girth 12, with 288 vertices, is yielded by the group 
Si° = S:° = S;° = S,S,S; = (S3S2S;)? = S;°S,*S;? = 1, 
S17S2 = S251’, SS; = S;S.', S;°S, = SS; 
of order 144, which is a subgroup of Gs X Gs K Tis. 


5.8. A graph of girth 8, with 336 vertices, results from the well-known 
simple group of order 168 in the form 


Sit = S;4 = (S,~'S,)* = (S,°S,)* = 1 


or 
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Sit = St = S34 = S,S2S;3 = (Si-'S2)* = (Ss'S3)* = (SsS))* = 1 
(3, p. 96). As permutations of degree seven, we have 


S; = (12)(4657), S: = (84)(6217), S; = (56)(2437). 


5.9. The author’s one-regular graph of girth 12, with 432 vertices (6, 
p. 246), comes from Hesse’s collineation group of order 216 (9, p. 239) in 
the form 


Si° = S26 = S;° = S,S.S; = 1, SSS = S2?, S2°S3S2? = S3*, S3°S)S;? = S,’. 
As permutations of degree 9, we have 


S, = (48)(162395), S. = (569)(841276), S; = (67)(253184). 


6. Concluding remarks. In each of the foregoing examples the duplication 
principle would allow us to indicate also generating relations for a group @ 
whose order is twice that of the given group §. For instance, the group 5.22 
yields 
T;? = T?? = T;* = (T2T3)° = (T3T;)° = (T,T:)” = :. 

(T1T2T3)* = (T2T3T))? = (1371T:2)?, 
of order 2\b? (where \ = 6 or 40 according as } is odd or even). 

Again, 5.51 and 5.61 yield 


TT? = T;? = T;* = (7373)" = (7371)" = (7T1T:)” = 1 
with the extra relations 


T1T2TiT3T, = T2T3T2TiT? = T3Ti1T3T2T 
and 
[T71(T2T3)?]}? = (T2(TsT))?)? = [T3(TiT2)*? = 1, 


respectively. When m = 3, the former has a factor group of order 108, given 
by the extra relation (7,7273)* = 1; this yields Foster’s graph of girth 9 with 
108 vertices. 

If the conditions for the combination principle are fulfilled, its application 
yields further symmetrical graphs corresponding to such direct products as 


@; X Os, (C3 X G3) K Qs, G; X Xia, 
C; x H32, Qs x Tie, Q's x G3, 
etc. When generating relations for each ‘‘factor’’ are known, the combination 


principle yields also generating relations for the direct product, as in $5.3 for 


€; X Qs, and in §5.4 for (C2 K G2) K Xie. 
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ON LAVES’ GRAPH OF GIRTH TEN 
H. S. M. COXETER 


1. Introduction. This note shows how a certain infinite graph of degree 
three, discovered by Laves in connection with crystal structure, can be in- 
scribed (in sixteen ways, all alike) in an infinite regular skew polyhedron which 
has square faces, six at each vertex. One-eighth of the vertices of the poly- 
hedron are vertices of the graph, and the three edges of the graph that meet 
at such a vertex are diagonals of alternate squares. Thus either diagonal of 
any face of the polyhedron can serve as an edge, and the whole graph can 
then be completed in a unique manner. 

The same graph is also derived, by the method of Frucht’s paper (4), from 
the abstract group 

S1°S2S;? = S2, S,*S,)S;? = Si. 


2. A regular skew polyhedron. In 1926, J. F. Petrie discovered an infinite 
regular skew polyhedron which can be derived from the simple honeycomb of 
cubes {4, 3, 4} by taking all the vertices, all the edges, and half the squares 
(1, pp. 33-35; 2, p. 242; 6, p. 55, Fig. 4). This new regular polyhedron was 
named {4, 6|4} because it has square faces, six at each vertex, and square 
holes corresponding to the missing faces of the cubic honeycomb. 

The vertex figure of a cube {4, 3} is an equilateral triangle {3} (3, p. 16); 
the vertex figure of the cubic honeycomb {4, 3,4} is an octahedron {3, 4} 
(3, p. 68); and the vertex figure of the skew polyhedron {4, 6|4} is a skew 
hexagon which is a Petrie polygon of the octahedron (3, pp. 24-25). Since a 
given octahedron has four Petrie polygons, the faces of the skew polyhedron 
can be selected from those of a given cubic honeycomb in four ways. Taking 
the vertices to be all the points whose Cartesian coordinates are integers, 
one way is select the squares 


(0, 0, 0) (0, 1, 0) (0, 1, —1)(0, 0, —1) 
(1, 0, 0)(1, 1, 0)(1, 1, —1)(1, 0, —1) 


and all others that can be derived from these two by permuting the three 
coordinates and adding fixed even numbers to them. 


3. The infinite group {R,S}. In saying that the skew polyhedron is 
“regular,” we mean that it possesses two special symmetry operations: R, 
cyclically permuting the vertices of one face (say the former of those men- 
tioned above), and S, cyclically permuting the faces at one vertex (say the 
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origin). These operations generate an infinite group having the elegant abstract 
definition 


R‘ = S* = (RS)? = (RS“")* = 1 


(1, pp. 35, 48). Since they are rotatory reflections (1, p. 37), their squares are 
pure rotations: R?, of period 2 about the “‘axis’’ of the square 


(0, 0, 0) (0, 1, 0) (0, 1, —1)(0, 0, —1), 
and S*, of period 3 about the line x = y = z. In fact, R* is the transformation 


=x, Yy=l-y #2 =-1l—z, 


while S? is the cyclic permutation 


4. The subgroups {7;, 7:, 7;} and {5S;, S2,S:}. It is convenient to let 
T,, T2, T3 denote R? and its transforms by S? and S-*, namely 


73: # @2, y=l-y, 2# = -l—sz, 
T,;; x =-l-x«,y =y, 2 =1-—z, 
T;:3 x =l-—-x, yo—-l-y, 2 =z. 
We use S;, S:, S; to denote the products T;, T;, 7; 7;, 7; T2, namely 
Si: #2 =2+2, yvou-l-y2?=1-—z2, 
S: 2 =1l—-x, yY=2+y # = -1—z, 
S: x2 =-l-x,y=l-y 2#& =2+2. 


Thus S;,*, S,*, S;? increase the respective coordinates by 4, and S, 72S; 
increases each of them by 2. 

The half-turns T,; can be expressed in an obvious way as products of pairs 
of reflections A, and B,, namely 


T = A;B:, T, = A;B;, T; = AB, 


where 
A,is x’ =-l-x«, y =,y, s’ = ¢g, 
B,is x’ =l-x, y=y, 2’ = 2, 
A; is x’ =x, y =-l-y, 2 =, 


and so on. Thus the A’s and B’s are reflections in the opposite faces 
x= Fh y= Fh, t= Fh 


of the cube (+4, +4, +4). They generate the direct product of three infinite 
groups 
Afj=B7=1 (¢ = 1, 2, 3), 


since both A, and B, commute with both A, and B, whenever i # j. The 
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products A ,B, increase the respective coordinates by 2. We easily verify that 


(A, B,)* —_ S? 
and 
A,B;A;2B,A;B; = A,A2A;B;B;B; = T2737 2TiT? = Si:T2S3. 


5. An infinite graph. Since the three 7’s are half-turns about three edges 
of the above-mentioned cube, which are the axes of three faces of {4, 6| 4} 
(see Fig. 1), they transform the origin into the three points 


(0,1,-—1), (-—1,0,1), (1, —1,90) 


which are the opposite vertices of these squares. Thus the group {7,, T2, T3} 
transforms the origin into the points 

(0,0,0), (1,2,3), (2,3,1), (3,1, 2) 

(2, 2, 2), (3, 0, 1), (0, & 3), (1, 3, 0) (mod 4), 
which are derived from (0,0,0) and (1, 2,3) by cyclically permuting the 


coordinates, adding 2 to all of them, and adding arbitrary multiples of 4 to 
any of them. 


(O;1,1) 





Figure 1 Figure 2 


In this manner we pick out one-eighth of the vertices of {4, 6| 4}, occurring 
at the ends of diagonals of one-eighth of the squares (shaded in Figs. 1 and 
2). These diagonals are the edges of a graph of degree three which is the Cayley 
colour group for {7 1, T:, 73}. It is remarkable that the three edges at a vertex 
are coplanar and meet at angles of 120°, like those of the plane tessellation of 
hexagons, {6, 3}. 

The smallest circuit in this graph is a skew decagon such as 


(0,0,0) (0,1,-—1) (1,2,—1) (1,3,0) (2,3,1) (2,2,2) (1,2,3) (0, 1,3) 
(—1, 1,2) (-—1,0, 1). 


SS 
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In other words, the graph is of girth ten (9, p. 459). This property corresponds 
to the fact that, apart from 


T;? = T?? = T? = 1 


the simplest relations satisfied by the 7’s are 
T37271T37) = T2737 27172 = T3717 3T2T 


(i.e., SsT,S: = S:T2S;3 = S:T2S1, or S27, = TS), each involving ten T's. 
In terms of the S’s alone, which evidently satisfy 


S,S2S; = 1, 
these relations become 
Si°S2Si? = Sx, S2°SiS.? = S;, SSS = Si 
(any two of which imply the remaining one). The first implies 
SS? = S°S2.SPSS)? = S)°SS7.S.S = S.°S;*; 


thus the squares of the S’s all commute with one another. By repeated applica- 
tion of 


S,S2? = S3-*S;, S2S3? = S3-*S2, SS)? = S:-*S;, 
S,S3? = S3-*S;, SS)? = S:-*S2, S,S2? = S3-*S;, 


we can transform any “word” into the standard form 
SS2S;* 
where at most one of x, y, 2 is odd; e.g., 
SiS; = S:°S;1S;'S;? = S,°S,S;’. 
Thus the Abelian subgroup S = {5S,*, S,*, S;*}, having the four cosets 
S, SS:, SS2, SSs, 
is of index 4 in {S,, Se, Ss}. 


6. A finite graph. The abstract group {S,, S2, S;} has a finite factor group 


S,?! = S,™™ = S;™ = S,S2S;3 - 1, 
SSS? = So, S2?S,S2? = S:, S;7S,S;3? = Si 
or 


S;?! _ S:™ _ (S,S2)™ = 1, S:°S2S1? = S:, S°S,S;* = Si, 


whose order is 4/mn (since it has a subgroup €; X ©,, X ©, of index 4). The 
case | = m = n has been described by Frucht (4, 5.51). 

Geometrically, since the squared S’s in the infinite group are translations, 
the effect of giving them definite periods /, m,n is to identify points whose 
three coordinates differ by multiples of 4/, 4m, 4n, respectively. In other words, 
the infinite space is reduced to a three-dimensional torus. Since the order of 
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the finite group is 4/mn, the corresponding graph has 8/mn vertices and 12/mn 
edges. 

The girth is still 10, provided /, m,n are all greater than 2. But if / = 2, 
the relation S,;* = 1 or (7; 73)‘ = 1, involving 8 letters, yields an 8-circuit. 
In the special case 1 = m = n = 2, every edge belongs to just two 8-circuits 
(e.g., the “T,’’ edge belongs to (7,7:)* = 1 and (7:7;)* = 1); therefore the 
graph (4, 5.23) can be embedded in a surface to form a regular map of 24 
octagons. 


7. A thin packing of spheres. Returning to the infinite graph (with /, m, n 

unrestricted), we note that something essentially equivalent to it was dis- 
covered in 1932 by Laves (7, p. 10). When the graph is derived from the 
{4, 6|4} whose vertices have integral coordinates, its edges are of length +/2. 
Hence spheres of diameter 4/2, drawn around all the vertices, will touch one 
another at the mid-points of the edges. This arrangement of spheres is the 
figure described by Laves. His Fig. 7 shows, in a very striking manner, some 
of the rings of ten spheres corresponding to 10-circuits in the graph. 
Since there are eight spheres for each cube of edge 4, the packing density 
is 
8+ 4S (s/})?/4? = 7 = 0.18512 
3 12/2 j soalain 
namely one-quarter that of the cubic or hexagonal close-packing. Nevertheless, 
this is not the thinnest possible packing of equal spheres. By the simple but 
ingenious device of replacing each sphere by a cluster of three smaller ones 
(5, pp. 448-450; 8, p. 484), Heesch and Laves derived a still thinner packing, 
with density only 


3 
wv v - 3) = 0.055515.... 


8. A correction. I take this opportunity to correct an unfortunate error 
in my paper on Regular skew polyhedra (1, pp. 54, 55, 61). The regular map 
shown in Fig. xv is not {4, 7|3} but {4,6|3}. Moreover, Table II should be 
supplemented by three further entries: 








Polyhedron f e v p 10) £ 

{4, 6|, 2} 12 24 8 3 Ss X S2 48 
{5, 6 |, 2} 24 60 20 9 | AsXS: 120 
{3, 11], 4} 2024 3036 552 231 LF(2, 23) 6072 





























Note added in proof. When applied to the four-dimensional polyhedron 
{4, 6|3} (1, pp. 45, 55), the procedure of §§ 1 and 5 (using diagonals of alter- 
nate squares at a vertex) yields a graph of girth five having 20 vertices and 30 
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edges (one diagonal of each square); this is the same as the graph formed by 
the vertices and edges of the regular dodecahedron {5,3}. When applied 
to {4, 6|, 2}, it yields the complete 4-point (i.e., the vertices and edges of the 
tetrahedron {3, 3}). When applied to {4, 6|, 3} (1, p. 60), it yields a graph of 
girth six having 24 vertices and 36 edges (diagonals of 36 of the 84 squares). 
This graph, denoted by {12} + {12/5} (4, 4.1), consists of the vertices and 
edges of the map {6, 3}: on a torus, and is the Cayley colour group for the 
octahedral group S, generated by the three transpositions T,; = (i 4) 
(¢ = 1, 2, 3). 
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A CLASS OF PERMUTATION GROUPS 
OF PRIME DEGREE 


K, D, FRYER 


1. Introduction. In (1), using the theory of group representations, Brauer 
studied groups @ of finite order g containing elements A of prime period p 
which commute only with their own powers A‘. If $ is a p-Sylow subgroup of 
@, the normalizer N = N(P) of PB can be generated by A and another element 
B such that 
1.1 A’ =1, B'=1, B'AB =A", 


where 7 is a primitive root (mod ), and # and g are positive integers such 
that 
1.2 igq=p-1. 

For A, B satisfying 1.1, the group {A, B} is of order pg. Carmichael (3) 
points out that if ¢ = 1, the group {A, B} is the so-called metacyclic group 
of order p(p — 1), simply isomorphic with a doubly transitive group of degree 
p. Such a group contains a dihedral subgroup and is complete. 

The permutations 


A= (01...6), B= (124)(365) 
in GF(7) satisfy 1.1 with p = 7,q = 3,¢ = 2, y = 3, and generate a group of 
order 21. If now a third permutation C, = (2 4)(56) is added, the group 
{A, B, C,} generated is the linear fractional group LF(2,7) of order 168. 
If, instead of C,, we add C, = (2 4)(3 5), the group {A, B, C2} is the alternat- 


ing group W;, while for C; = (1 6)(23)(45), {A, B, Cs} is the symmetric 
group ©. 


The elements C,, C2, C3 stand in the same relation to B as does B to A; that 
is, they satisfy the relations 


1.3 B'=1, C’=1, CBC =B". 


where 6 is a primitive root (mod g), and where s and r are positive integers 
such that 


1.4 sr=q-l. 
For these elements, g = 3,7 = 2,5 = 1,65 = 2. 
The permutations 
A= (012...10), B= (14593)(28 107 6) 
in GF(11) satisfy 1.1 with p = 11, g = 5,t = 2, y = 2. 
Received June 2, 1953; in revised form March 30, 1954. This paper comprises the substance 


of the author’s thesis, written under the direction of Professors R. Brauer and R. G. Stanton 
and accepted for a Ph.D. degree at the University of Toronto in June, 1952. 
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The additional permutations 
C, = (2 8)(6 10) (3 4)(5 9), C; 
C; = (1 10)(2 5)(3 7)(48)(6 9), C. 
yield respectively the following groups {A, B, C}: 
LF(2,11), An, Su, Mu. 


The permutations C;, satisfy relations 1.3. For C;, C2, Cs, we have g = 5, 
r=2,6=2,s = 2;forC4q¢g=5,7=4,5=2,s = 1. 
Finally, for p = 23, g = 11, ¢ = 2, y = 5, the permutations 


A = (012... 22), 
B = (1248169 18 133 6 12)(5 10 20 17 11 22 21 19 157 14) 


in GF(23) satisfy 1.1, and the additional permutations 


C, = (2 1696 8)(43 12 13 18)(7 17 10 11 22) (14 19 21 20 15), 

C, = (2 12)(4 6)(8 3)(16 13) (9 18) (7 19) (14 21) (5 22) (10 11) (17 20), 

C; = (1 22)(2 11) (3 15) (4 17) (5 9) (6 19) (7 13) (8 20) (10 16) (12 21) (14 18) 
yield! in turn Mes, Ass, Sos. For Ci,g = 11,7 = 5,5 = 2,6 = 2; for Cz and C;, 
gq=l1l,r=2,s = 5,6 = 2. 

We have thus been led to a study of groups § = {A, B, C} whose generators 
satisfy the following abstract relations: 


1.5 A?=Bt=C’'=1, B'AB= A’, CBC = B', 


(2 7)(8 10)(3 4) (5 9), 
(2 10 8 6)(3 9 4 5) 


where p and g are primes, p = 2¢ + 1,7 is an arbitrary divisor of ¢ — 1, 
q = sr + 1, 7 belongs to g modulo #, and / belongs to r modulo g. 
We prove the following 


THEOREM. The groups {A, B, C} described above fall into two classes: groups 
consisting entirely of even permutations (case 1), and groups of even and odd 
permutations (case I1). The groups in case II are the symmetric groups S,. 
The groups in case | with r even and B = q are the alternating groups 4,. 

(The explanation of the symbol 8 is given in §2). 


It is demonstrated by tables in the author’s thesis, to be found in the library 
at the University of Toronto, that for » < 59, the groups § = {A, B, C} 
in case I are the alternating groups &, with the exception of the four groups 
mentioned above; that is, LF(2, 7), LF(2, 11), Dti: and Mte3. The same result 
also holds for p = 83. 

We prove that the groups in case I are all simple. If it could be proved that 
there is an infinite number of prime pairs p, g with p = 2¢ + 1, we would 


1Carmichael (3, p. 288) indicates that the groups Dtn and Dts are generated by permutations 
similar to the A and C specifically mentioned above. It can be shown that the corresponding 
B in each case is expressible in terms of A and C. For further information on these groups, 
see (6). 
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have here an infinite class of simple groups containing in particular the two 
Mathieu groups Qi; and Mes. 


2. The permutation representation of the generators. We proceed first 
to develop permutation representations for the generators A, B, C which 
satisfy the relations 1.5. It must be stressed that in the following we have 
p = 2q¢+ 1 for p and gq primes, and there exists a natural mapping of the 
integers mod g on the quadratic residues ~0 mod p and on the quadratic 
non-residues mod p. This fact enables us to prove 


THEOREM 2.1. The group generators A, B, and C of §1 may be represented by 
the following permutations in GF(p): 
A: x =x+1, 
2.1 B: x’ = gx, 
C: x = (1 + 6) gtx! + 41 — ©) Ox! 
where « = + 1 according as x is a quadratic residue or non-residue mod p, 


g is that primitive root mod p for which g* = j, and a and 8 are arbitrary fixed 
even and odd numbers, respectively. 


Our procedure is briefly as follows: we notice that A and B generate the 


metacyclic group {A,B}, and obtain representations on p symbols for A 
and B: 


2.2 A: x’ =f(x), B: x’ = g(x), x=0,1,...p-—1. 
B and C generate another metacyclic group, {B, C}, and we obtain representa- 
tions on g symbols for B and C: 
2.3 B: y =g'(y), C: »y = h'(y), y =0,1,...,¢g—1. 
We then combine the representations 2.2 and 2.3, identifying the two repres- 
entations for B, and obtain a representation for A, B, and C on p symbols: 
2.4 A: x’ =f(x), B: x’ =g(x), C: x =h(x) x =0,1,...,p9-—1. 
Consider the relations involving A and B, namely 
A? = Bt=1, BAB = A’, 
These imply 
B-'A*B = A*! 

and 

B-*A*B* = A**, 


Hence A*B" = B’A*”, and the pg elements A*B” correspond to the pq 
elements 


BYA?, s = xj’, 


in some order. For as x ranges from 0 to p — 1, x +z = xj” is a permutation 


a 





~~ 
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of the numbers 0,1,..., — 1, for a fixed value of y. So the elements A 
and B generate the metacyclic group of order pq, the so-called Cauchy group 
(2). 

Let A be represented as the cycle (012... — 1), that is, the trans- 
formation x’ = x + 1 in GF(p). Let B be the permutation x’ = g(x). Since 
AB = BA’, we have 

g(x + 1) = g(x) +}. 


Since B is of period g, it leaves one element fixed. We may set g(0) = 0, 
and the above recurrence relation then takes the simple form g(x) = xj. 
Then, corresponding to 2.2, we have the representation 


2.5 A: x’ =x+1, B: x = jx, x=0,1,...,p-—1. 


Further, letting g be that primitive root modulo p for which g? = j, B has the 
representation x’ = g*x and, explicitly, our representations are 


2.6 A=(012...p-—1), B= (lg*g*...g*)(gg*... 2”). 


The two cycles of B contain, respectively, quadratic residues and non-residues 
mod p. 

It can be readily verified that the same group is generated no matter 
which primitive root g (that is, which number j) is considered. 

Now we see from 1.5 that C stands in the same relation to B as does B to 
A. So B and C generate the metacyclic group {B, C} of order gr. On g symbols, 
B and C can be represented as 


2.7 B: y =y+1, C: y = m'y, y=0,1,...¢-1, 
or, explicitly, 
2.8 B= (012...q¢-—1), 

C = (1 me* me** . . .) (00 ne*** .. .) . . . (09 * *" ... .), 


where g = sr + 1 and m is that primitive root mod g for which m* = 1. 
We now see that the representations 2.5 and 2.7 can be combined. For in 
2.5, B has the representation 


(1gtgt...g*)(gg?... 9). 
Let a be an arbitrary even integer. Then the cycle 


(g* g** gt ee g*t?-*) 


is the same as (1 g? g*... g?~*), so that, for every a, we may set up a corres- 
pondence between 0 and g*, 1 and g***,...,q — 1 and g®-***; that is, 
z= guts, 


In other words, the representation for B in 2.7 can be mapped on the first 
cycle of the representation for B in 2.5. 
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Then, in the representation for C in 2.7, in which y’ = m*y, we have 


y ———» m'y 


x= or ’ ‘abe - (x g*)”’.g" sti sory. 

Now, let 8 be an arbitrary odd integer, and proceed as above with the 
second cycle of B = (1 g*... g-*)(g g*... g?-*). We may again set up, for 
every 8, a correspondence 

z:—> ght2s, 


which maps the representation for B in 2.7 on the second cycle of the repre- 
sentation for B in 2.5. Then, under the permutation C, y’ = m'*y, we have 


<= pan’. 


Now, for the first cycle of B in 2.5, that consisting of residues mod p, we 
set z — g*t®* and see that under C the same elements map as follows: 


x«— err’. 


For the second cycle of B, that consisting of non-residues mod p, we set 
2 — g®*2* and find that under C the elements follow the mapping 


«— a 


In other words, we demand that residues map on residues, non-residues 
on non-residues, and obtain the following representation on » symbols for 


C: a(l—m*) m* 


29 x’ =g a e= +1, 
xf = Pe e=-1, 


it is easily shown that the choice of / among those numbers belonging 
to r mod q is an arbitrary one, and further that the same permutation C is 
obtained, with possibly a different order in the cycles, from different choices 
of pairs a and 8. We may fix a, and then there will be g choices for 8. So we 
obtain g permutations C. Indeed we might fix a at zero and have 
2.10 C: x’ = (14+ 6) x! + RI — 6) phx! 

C consists of 2s cycles of length r, and so is an even permutation. The 
elements 0, 1, and g* remain fixed under C. A and B are even permutations, 
so the group {A, B, C} consists entirely of even permutations. 

In the above development of the permutation C, we required that residues 
mod » map on residues, non-residues on non-residues. This is not necessary; 


we might have obtained a representation for C by mapping residues on non- 
residues. C then takes the form 


2.11 C: x = $(1 + 6) gx’ + 41 -— ©) gx". 


a 
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Since C consists of 2s cycles of length r, along with the transposition (1 g*), 
it is an odd permutation. Summarizing, we have 


LEMMA 2.1. The groups {A, B, C} fall into two classes: those groups consisting 
entirely of even permutations generated with 


x’ = x! e=+1; 
C: 
x! = ghll—Dyt e=-— 1; 
and those groups consisting of even and odd permutations generated with 
x’ = ghz! e= +1; 
C: 
x’ = gly! e= — 1. 


We refer to these two classes as case I and case II, respectively, of our 
problem. 


3. Certain relations among the groups {A, B, C}. For fixed p, gq, and r, 
a set of 4(p + 1) groups is obtained depending on the choice of 8 used in the 
permutation C. These groups are not all distinct up to isomorphism. The 
following lemma applies to these sets of groups. 


LemMA 3.1. (i) In case |, for fixed p, the groups {|A, B, C} with r = (q—1)/ks 
are respectively subgroups of the groups with r = (q—1)/s. 

(ii) In case II, for fixed p, if the period of C is an odd multiple of the period 
of C’, the groups {A, B, C’} are respectively subgroups of the groups {A, B, C}. 

(iii) Im case II, for fixed p, the groups with r = 2x, where} > 1 and x is a 
product of powers of odd primes, contain as subgroups the corresponding groups 
from case 1, r = 2. 


Consider part (i). This says that for r = (¢—1)/ks we have a set of $(p + 1) 
groups, and for r = (¢—1)/s we have a second set of 4(p + 1) groups. There 
is a one-to-one correspondence between the two sets such that each group 
of the first set is a subgroup of one of the groups of the second set. An expression 
can be found relating these two sets, but this is not necessary for our applica- 
tion of the lemma. Similar statements apply to parts (ii) and (iii). 

Part (i) follows by taking the kth power of the permutation C of period 


= —] ’ he 
r = (q—1)/s van, ny ee 
Cc": 


l—m* he 
xf = fe | e=-1, 


and pointing out that this is the permutation C obtained for r = (¢—1)/ks. 
In case II, r must necessarily be even if C, of order r, is to be odd. C is given 
by 


x’ = gx! e= +1, 


C: 


x’ = gFly!, e=—Il, 
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and is of order (¢q —1)/s. Taking powers of C we obtain 


, es 


gag , e=-+1, 
o™ 
d-a foe ea —1, 
and 
x’ = gx"? e=+1, 
ct, 
x’ - ’ oe ee _ 1. 


Obviously, only odd powers of C yield another odd permutation. Since C***! 
is simply the permutation C obtained with r = (¢ — 1)/(2k + 1)s, we see 
that part (ii) of our lemma follows. 

Finally, consider case II with r = 2x, \ > 1, x a product of powers of odd 
primes. C is now given by 


x’ = ghx!, e= +1, 
C: 
x’ = gtx! e=-l1, 
implying 
x =x” e=+1, 
Cc": 
df = frre a 


where /’= 1 mod q, and hence /*” = g — 1 mod g. Then 
B(1 — Br’) = B(2 — q) modg. 


As 8 runs over the odd numbers from 1 to p — 2, 8(2 — g) mod p — 1 does 


also. Hence the permutation C!” will be the same permutation C as in case I 
for r = 2, viz., 


# 
! 


= xt! 


+1, 


a 
ll 


C: 


x’ = gixt, e=-l1, 


and part (iii) of the lemma is demonstrated. 


4. Certain properties of the groups {A, B, C}. 


THEOREM 4.1. In case 1, § = {A,B,C} is a simple group. In case Il, 
contains a simple subgroup of index two. 


THEOREM 4.2. The order of {A,B,C} is h = ipq(1 + mp), where 6 = 1 
in case | and 6 = 2 in case II. 


It is known (1; 4) that if a permutation group of prime degree p contains 
an element A of period p, such that the only elements commuting with A are 
its own powers, then the order of the group is p(p — 1)(1 + mp)/t, where p 
is the period of A, ¢ the number of conjugate classes in {A}, and 1 + mp the 
number of Sylow subgroups of order p. 
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Now certainly in a group on ~ symbols, any cycle of length » commutes 
only with its own powers. Hence the order of {A, B, C} has the above form. 


LEMMA 4.1. There are at most two conjugate sets in {A}. 
For B-'AB = A/ and hence A~...~ A" ~ A" =A, A‘ WAUMN.... 
LemMMA 4.2. In case I, there are exactly two conjugate sets in {A}. 


If X-"AX = A’, then, using the same procedure as in §2, X can be shown to 
have the form 


X=(Ouu+gu u+gu+gu...); 


that is, X is a cycle of order p — 1. Such a cycle is odd and not possible in 
case I. 
Thus in case I, ¢ = 2, and hk = pq(1 + np). 


LemMA 4.3. The orders of the first and second commutator groups $' and $" 
contain the factor p. 


A-'B-'AB = A*"', so §’ contains a power, and hence all powers, of A. 
Also B-'C-'BC = B*" and so 9’ contains B. Thus §’ > {A, B}, and pq 
divides h’. Similarly $’’ > {A}, and the order of the second commutator 
subgroup, h’’, is divisible by p. 


LemMA 4.4. In case 1, the commutator subgroup §' is equal to §. 

According to Brauer we have three possibilities: 

(1) § has a normal subgroup of order 1 + np; t = p — 1. This is impos- 
sible, since in case I, ¢ = 2 and in case II, ¢t < 2. 

(2) § has a normal subgroup of order 1 + np; ti < p — 1 and § # H”, 
§” has order 1 + np, 9’ has order p(1 + mp). This possibility is ruled out 
since, by the preceding lemma, p|h”’. 

We have then the third possibility holding, viz., 

(3) § does not contain a normal subgroup of order 1 + mp, and §’ has 
order 


— 1 
n= pP—— (1 + np), 


where ?|t’, ’|jp — 1, and t << <p — 1. Further, $’ = 9”, and the group 
§/’ is cyclic. Here ¢’ denotes the number of classes of conjugate elements in 
H’ which contain elements of order p. 

Now in case I, = 2; so?’ is even, and, since p — 1 = 2q, with’ < p — 1, 
we have // = 2. Thus h’ = hand § = 9’. 

LemMa 4.5. In case II, there is only one conjugate set in {A}. 

In case II, the commutator subgroup is a normal subgroup, proper or im- 
proper, of $. But it consists entirely of even permutations, and so §’ is properly 
contained in §. Now ¢t # 2, since otherwise § = §’. So in case II, ¢ = 1, 
and h = 2pq(1 + mp), completing the proof of Theorem 4.2. 
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LemMA 4.6. In case II the commutator subgroup $' consists of all the even 
permutations in $ and has index two in $. 


For, the commutator subgroup has order 
w= pP—* 1 + np). 


We proved pg|h’. Also ¢\t’'|p — 1, t < t’ < p — 1. The only possibilities for 
are 1, 2,¢. But’ # 1, ash’ < h. And?’ # q, since BAB = A! in §’ and so 
 < 2. Thus # = 2 and 9’ is the subgroup of index 2 consisting of all even 
permutations. 

Brauer has shown in the same paper that §’ is a simple group. But in case 
I, 5’ = §, and so G is a simple group. In case II, 5” is a simple group and § 
is like the symmetric group in that it contains a simple subgroup of index 2. 
Thus Theorem 4.1 is proved. 


5. Case I, r even, 8 = g. 


THEOREM 5.1. The groups generated for r = 2, 8 = q, in case | are the alter- 
nating groups U,. 


Here we have 
C: x! = §(g? + 1) x! — 9(g* — 1) xt, 


and for 8 = q,r =2,l/=q-1 
C: xf = x! = 1/x 


(x # 0). C leaves 0, 1 and —1 invariant. 
Under the permutation A~'CA CA-'C, x — — x for x # 0, 1, and 


O—-—-1, -1—1, 1-0. 


This permutation, therefore, contains the cycle (0 —1 1), and the remaining 
elements form transpositions, since A~'CA CA-'C is of period 2. Since p = 
(p — 3) +3 = 2m + 3, all elements are involved, and 


A-'CA CA-'C = (0 —1 1)(product of transpositions). 


Squaring this permutation leaves the cycle (01-1). Applying Netto’s 
Theorem (5), “If a transitive group of degree m contains a circular permutation 
of prime order g < 3, then the group is either non-primitive, or it contains 
the alternating group,”’ we see that § = Y,, since § is primitive. (In this case, 
the presence of the cycle (012... — 1) and the triplet (01 — 1) is 
sufficient for the proof that = Y,.) 

Now since the groups generated for even values of r with 8 = g contain 
the groups generated for r = 2, 8 = q, from Lemma 3.1, part (i), we have at 
once 


COROLLARY 5.1. The groups generated for even values of r, 8 = q, case I are 
the alternating groups U,. 


— ee Ce 


a 
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6. The groups {A, B, C}, case II. For fixed #, gq is fixed, and we consider 
the possibilities for r. We have seen that in case II, r must be even. Then 
r = 2, an odd multiple of 2, or an even multiple of 2. 


THEOREM 6.1. Jf r = 2 in case II, the groups {A, B, C} are the symmetric 
groups S,. 

For in case II we may write 

Cz xt = Ag + gH) x + Be? — g*) xt; 
and forr = 2, =q—1, g#' = g*¢) = — g%; hence we have 
C: x’ = ghxt-1, 

For x # 0, this can be written x’ = g®/x. 

Consider the permutation 

R= A“CA®CA”: x’ = — 1/x, x x0, 1. 


Under this permutation, 0—-—1, —1—1, 1-0, and in standard 
form R= (0 —11)- (product of transpositions). Then R* = (01 —1), 
A R?° A = (012); this permutation and A = (012... — 1) generate 
%,. Since C itself is an odd permutation, {A, B, C} = S,. 


COROLLARY. If r is an odd multiple of 2 in case II the groups {A, B, C} are 
the symmetric groups S,. 


This follows immediately from Lemma 3.1, part (ii), and Theorem 6.1. 


THEOREM 6.2. If r = 2x, > 1, x odd, in case II, the groups {A, B, C} are 
the symmetric groups S,. 


It follows from Lemma 3.1, part (iii), that for fixed », and for C with 
r = 2'x, the permutations C* are the same as those obtained in case I with 


y = 2, viz., 
x’ = xt, e=-+1, 
ci: 
x! = gext-t, e=—1. 
Then if 8 = g, {A, B, C} must contain &,, from Theorem 5.1; hence {A, B, C} 
is S,. 


In the following we will assume 8 ~ g. In Lemma 4.5 we proved that in 
case II, there is only one conjugate set in {A}. Then § must contain an 
element S such that S-! AS = A’. Such an S must be of the form 


S: x = ut gx, u fixed, 


and under SA~* Bie), x — — x. That is, in case II, § contains the permuta- 
tion 
T: x’ = — x. 











34 K. D. FRYER 


The permutation C’ leaves 0 fixed and, for x * 0, may be written 


x’ = 1/zx, e=+1, 
cr: 
x’ = — g®/x, e=-— 1. 
Then 
x’ = — 1/zx, e=+1, 
CT: 
x’ = g?/x, e=-1, 


maps quadratic residues mod p on quadratic non-residues, quadratic non- 
residues on quadratic residues, and leaves 0 fixed. Squaring this permutation 
we obtain 


, 


x 


gtt8x, € 


+ 1, 
(CrT)?: 
x’ = gt *x, e=- 1, 


(x # 0). (Note here that if 8 = g, this permutation is the identity.) Finally, 
x’ = gx, e=+1, 
(CHT)? Bhat 
x’ = x, e=-l, 
is a cyclic permutation of period gq, viz., 
(1 g™* g” ae g*A(e—-1)) 


and applying Netto’s theorem we obtain § = G,. 


7. Conclusion. It had been hoped that groups other than Y,, possibly 
multiply transitive groups such as the Mathieu groups J,,; and Qt.;, might 
appear in case I, but investigations have so far failed to produce any such 
groups. 
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SET-TRANSITIVE PERMUTATION GROUPS 
R. A. BEAUMONT anp R. P. PETERSON 


1. Introduction. The concept of an s-ply transitive (1 < s < m) permuta- 
tion group on m symbols is of considerable importance in the classical theory of 
finite permutation groups, which was in the height of its development in the 
period around the turn of the century. The obvious generalization to a permu- 
tation group which is s set-transitive (i.e., a group which, for each pair of 
s-element unordered subsets S, T of the given m symbols, contains a permuta- 
tion which carries S into T) seems to have received little attention. A dis- 
cussion (8, p. 257) of the symmetry of an arbitrary n-person game leads in a 
natural way to the notion of a set-transitive permutation group (i.e., a group 
which is s set-transitive for all s) on the players of the game. In the preface 
to (8), credit is given to C. Chevalley for solving the problem of determining 
all set-transitive groups. Since, to our knowledge, nothing has appeared in the 
literature on this problem, we believe that a complete and relatively simple 
solution is of interest. 

In §2, the definitions are given, and the alternating and symmetric groups 
A, and S,, along with the trivial cases for n < 3, are considered. The properties 
of s set-transitive groups which are used for their enumeration are derived in 
§3, the principal results being contained in Theorems 5 and 6, which state that 
these groups are transitive and primitive. In this connection, a recent paper by 
Bays (1),-relating a concept of primitivity for ordered pairs to the degree of 
transitivity of a permutation group, is of interest. In §4, a theorem on the 
distribution of prime numbers (2), is used to eliminate the possibility of set- 
transitive groups for m > 82. Various special results in (5) and (7) are used to 
obtain Theorem 10, which states that set-transitive groups, other than A, 
and S,, are possible only for » = 5, 6, and 9. Finally, in §5, all of the set- 
transitive groups of degree 5, 6, and 9 are determined. The results of this 
section are given in Theorem 11. 


2. Definitions. We begin with a formal statement of the principal defini- 
tions and their immediate consequences. Since every permutation on m symbols 
sends the complete set of » symbols into itself, we exclude this trivial case from 
the following definition. Thus the case m = 1 is excluded. Further, the identity 
group J on m symbols can clearly be omitted from consideration, so that in the 
sequel, by a group G, we will mean a permutation group @ # J on the set N 
of m > 2 symbols, N = [1, 2,..., #]. 

DEFINITION 1. A group @ is s set-transitive (1 < s < mn — 1) if for every 
pair of subsets S, T of N = [1,2,...,m], each containing s elements, there 
exists a permutation in @ which carries S into T. 
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It should be noticed that according to this definition, ‘1 set-transitive’”’ and 
“transitive’”’ mean the same thing. We have the following immediate conse- 
quences of Definition 1: 

(i) If the group © contains an s set-transitive subgroup §, then @ is s 
set-transitive. 

(ii) If the group G is k-ply transitive, then G is s set-transitive for all s < k. 

(iii) If the group © contains permutations which carry the set S = [1,2, 

. , 5] into any other set T containing s elements, then G is s set-transitive. 

With N = [1,2,3,4,5,6,7], the group @ = { (1234567), (235) (476)}, is an 
example of a group which is 2 set-transitive but not doubly transitive. G is 
not 3 or 4 set-transitive. 


DEFINITION 2. A group © is set-transitive if @ is s set-transitive for all 
s(l<s<qn-—1). 

Since the alternating group A, (” > 3) is (m — 2)-ply transitive and since 
A; is intransitive, we have 


THEOREM 1. The alternating group A, is set-transitive except for n = 2. The 
symmetric group S, is set-transitive. 


Proof. Forn > 3, we have by (ii) that A, is s set-transitive for alls < n — 2. 
Since, in particular, A, is transitive, A, contains a permutation which sends n 
into any other symbol j. Therefore A, contains a permutation which sends 
S = [1,2,...,# — 1] into any other m — 1 element set JT. By (iii), A, is 
n — 1 set-transitive, and hence set-transitive. Since S, is n-ply transitive for 
all n, S, is set-transitive. 

It follows from the theorem that, in the determination of all set-transitive 
groups, we need only consider those groups @ # J which do not contain the 
alternating group. For m = 2, there are none. For n = 3, the only such groups 
are the three cyclic groups {(12)}, {(13)}, and {(23)} which are not 1 or 2 
set-transitive. Having disposed of these trivial cases, we will henceforth 
assume that 2 > 4. 


3. Properties of s set-transitive groups. In this section we derive properties 
of s set-transitive groups which are needed for their enumeration. The prin- 
cipal result is that an s set-transitive group is primitive if s > 1. 


THEOREM 2. A group G, which is the conjugate in S, of an s set-transitive 
group , is s set-transitive. 


Proof. Let o be a permutation in S, such that G@ = ¢ Ho. Let S = [1, 
2,...,5s], and J = [f:, jo, ...7,] be an arbitrary s-element subset. Define the 
set I = [i;, i2,...,%,] by o'S = TJ, and the set K = [R;, ke,...,k,] by 
o 'J = K. Since § is s set-transitive, there exists a permutation r € § such 
that rJ = K. Then 


oro 1 € G, ora! S = orl = cK = J. 
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THEOREM 3. If the group @ is s set-transitive, then @ is n — s set-transitive. 


Proof. Let S = [1,2,...,2 —s], C(S) = [m —s+1,n—s+2,...,mn]. 
Let J = [ji,j2,.--,sjn-s] be an arbitrary (m — s)-element subset, and 
C(J) = [t:, t2,...,%,] be the complement of J in N. There exists a permu- 
tation ¢ € @ such that ¢C(S) = C(J), so that «(S) = J. 


THEOREM 4. If the group © is s set-transitive, then the order of © is m("), 


where m ts the order of the subgroup @, of G consisting of those permutations which 
carry the subset S = [1,2,..., 8] into itself. 


Proof. It is clear that the subset G, of G consisting of those permutations 
which carry S = [1, 2, ..., s] into itself is a subgroup. Since there are ¢t = (" 


distinct s-element subsets of N, denote them by J, = S, Js,...,J,, and 
denote by a1, o2,...¢, a set of permutations in @ such that o, J, = J;, for 
k=1,2,...,¢. Then o, o2,...,0, form a complete set of representatives 
of © modulo @,, so that the order of G is mt, where m is the order of @,, and 


6) 


CoROLLARY. [If the group © is set-transitive, then the order of & is divisible by 
the least common multiple of the binomial coefficients 


(3). @).---. G2) 
J \a) °°" \e 1)" 
The 2 set-transitive group @ = { (1234567),(235)(476)} of degree 7 has 


order 21. Since (3) = 21, © has minimum order for a 2 set-transitive group 


()-()-m 


@ cannot be 3 or 4 set-transitive. 


of this degree. Since 


THEOREM 5. If the group @ is s set-transitive for at least one s, then © is 
transitive. 


Proof. Assume that @ is intransitive and let L C N be the smallest tran- 
sitivity set of G. Then L has / elements where / < $n, and we may assume by 
Theorem 3 that / < s. Since! < s < nm — 1, there exists an s-element subset S 
of N such that Z C Sand such that C(S), the complement of S in N, contains 
an element not in L. By removing an element of LZ from S and replacing it by 
an element from C(S), we can construct an s-element subset 7 such that 
L ¢ T. Since @ is s set-transitive, there exists a permutation ¢ € G such that 
oS = T. Since L is a transitivity set of G@, cL = L, and since LCS, 
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oL = LCoS = T. But this contradicts the choice of T, proving that G 
must be transitive. 


THEOREM 6. If the group @ is s set-transitive for at least one s > 1, then © is 
primitive. 

Proof. By Theorem 3, we may suppose that s < }n. @ is transitive by 
Theorem 5, and assume that © is imprimitive. Then the set V = [1, 2,..., 2] 
can be partitioned into r > 2 subsets NV,;, each containing / > 2 elements, such 
that every permutation in © carries each N;, into some N,. 

If s < l, there is an s-element subset S which is a subset of N;. Since s > 1, 
there is an s-element subset JT which contains elements from both N; and N». 
But since @ is s set-transitive, there exists a permutation in @ which carries 
S into T and this contradicts the assumption that © is imprimitive. 

If 1 < s, then since s < 4m, we have / < 4m and r > 3. Then there is an 
s-element subset S which contains elements only from the sets of imprimitivity, 


Ni, No, ..., Nye where 1 < k < $(r + 1), such that S contains N;, No,..., 
N,-1. Since r >3, r—k >4(r — 1) > 1, and the r — & sets of imprimitivity, 
Nisi,.--,N,, are disjoint from those from which S was constructed. 


Therefore there is an s-element subset 7, constructed by replacing one of the 
elements of N, by an element from N,,,;, which contains e’ements from k + 1 
different sets of imprimitivity. Again, the existence of a permutation in @ 
which carries S into T contradicts the assumption that @ is imprimitive. 

In the next section, we use a classical result (3, p. 199) due to Jordan and 
Netto, which connects primitivity with the degree of transitivity of G, to show 
that set-transitive groups are rare exceptions. 


4. Determination of the values of m for which set-transitive groups may exist. 

THEOREM 7. If the group @ is s set-transitive (s > 1), and if there exists a 
prime > such that $n < p < nand such that p divides ("), then © is (n—p+1)- 
ply transitive. 

Proof. Since the order of G is m(”) by Theorem 4, if a prime p divides ("), 
@® contains an element of order p. The elements of order p in G, when written 
as a product of cycles on disjoint letters, are products of cycles of length p. 
Since p > 4n, the elements of order p in @ are cycles of length p. Such a cycle 
generates a cyclic subgroup § of @ which is of degree p. Thus § is primitive 
and leaves n — p letters unchanged. Since © is primitive by Theorem 6, we 
obtain the conclusion of the theorem by employing the result mentioned above 
(3, p. 199) which states that if a primitive group G contains a primitive sub- 
group of degree m which leaves the remaining m — m letters unchanged, then 
© is (n — m + 1)-ply transitive. 


Coro.Liary 1. If the group © is s set-transitive (s > 1), and tf there exists a 
prime p such that max (s,n — s) < p < n, then Gis (n — p + 1)-ply transitive. 
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Proof. If p > max (s,m — s), then p > 4m and p divides 


(") - n!' 
s s!(n — s)!’ 


so that the hypotheses of the theorem are satisfied. 
In the determination of set-transitive groups, the critical value of s is 
s = [}n], where as usual this symbol denotes the greatest integer in 4n. 


COROLLARY 2. If the group @ is [4m] set-transitive, and if there exists a prime 
pb such that $(n + 1) < p < 0, then © is (mn — p + 1)-ply transitive. 


Proof. For p> 4(n+ 1) > [}(" + 1)] = max ([4}n], n — [4n]), and the 
hypotheses of Corollary 1 are satisfied for s = [4m]. 

We now make use of various known limits of transitivity to eliminate the 
possibility of the existence of [}”] set-transitive, and therefore set-transitive, 
groups. The principal criterion is given in the following theorem. 


THEOREM 8. If there exists a prime p such that }(n + 1) < p < 4m, thena 
group & on n symbols, which does not contain the alternating group A,, cannot be 
[3] set-transitive. 


Proof. Assume that @ is [47] set-transitive. Then if a prime / exists in the 
given range, @ is (n — p + 1)-ply transitive by Corollary 2, Theorem 7. But 
since 4n + 1 = nm — §n +1 <n — p + 1, and since 4m + 1 is an upper limit 
for the degree of transitivity (3, p. 152) for a group @ not containing A,, we 
have a contradiction. 

There are many refinements of Bertrand’s postulate which states that a 
prime exists in the range between x and 2x. One such result which is con- 
venient for our purposes is due to Breusch (2). He shows that for x > 48, 
there always exists a prime between x and 9x/8. For n > 82, x = 4(m + 14) 
> 48, and there exists a prime between 4$(m + 14) and 9(m + 14)/16. Since 
k(n + 1) < $(m + 14), and 9(m + 14)/16 < 4m for n > 82, there exists a 
prime in the range given in the hypothesis of Theorem 8. By examining a 
table of primes, we find a prime strictly between $(m + 1) and 4m for all 
n > 26, and we have 


THEOREM 9. A group @ on n > 26 symbols, which does not contain the 
alternating group A,, cannot be |4n] set-transitive, and therefore is not set- 
transitive. 


For n < 26, a table of primes shows that a prime lies in the required range 
for m = 8, 11, 12 and for all ” such that 17 < m < 24. Since the cases for 
n < 4 have been previously discussed, we have only the cases 


n = 4, 5, 6, 7, 9, 10, 13, 14, 15, 16, 25 


to investigate. For these cases we first employ a better result on the limit of 
transitivity due to Miller (7, vol. III, p. 439) which states that ifm = kp + r, 
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where ? is a prime greater than the positive integer k and where r > k, then a 
group @ on m symbols, not containing the alternating group A,, cannot be 
more than r-ply transitive, unless k = 1 and r = 2. As an example, with 
n = 25, we obtain from Corollary 2, Theorem 7 with p = 17, that if @ is 12 
set-transitive, then @ is 9-ply transitive. But 25 = 119+ 6 with k = 1, 
p = 19, and r = 6, so that @ cannot be more than 6-ply transitive. Therefore 
there are no groups on m = 25 symbols, other than Ags and S25, which are 
[3m] = 12 set-transitive. In this way, the cases m = 10, 14, 15, 16, and 25 are 
eliminated. 

Miller has proved (7, vol. I, p. 200) that a transitive group of degree 13, 
which does not contain the alternating group A;, is at most doubly transitive. 
By Corollary 2, Theorem 7 with » = 11, we have that if @ is [42] = 6 set- 
transitive, then © is triply transitive. Similarly, for n = 7, a transitive group 
not containing A; is at most doubly transitive (5, p. 186; 6, p. 338; 7, vol. I, 
pp. 1-9), while Corollary 2, Theorem 7, with p = 5, gives that if @ is [}n] = 3 
set-transitive, then @ is triply transitive. 

A 2 set-transitive group @ on m = 4 symbols has an order divisible by 


(5) = 6 by Theorem 4. The only such transitive groups are A, and S, (6, 


p. 338; 7, vol. I, pp. 1-9). The cases m = 2 and 3 were eliminated in §1. 
We summarize the above results in the following theorem. 


THEOREM 10. A group & on n symbols, which does not contain the alternating 
group A,, cannot be [}n] set-transitive, and therefore is not set-transitive, with the 
exceptions of n = 5, 6, and 9. 


5. Determination of the set-transitive groups for » = 5, 6, and 9. In the 
following determination of set-transitive groups, we use the table of transitive 
groups on ” < 9 symbols given by Cole in (6). Although this list has two 
omissions for m = 8, it has been verified by Miller (7, vol. I, pp. 1-9, 12-14) 
and others for n = 5, 6, and 9. 

If a group @ on 5 symbols is 2 set-transitive, then by Theorem 4 the order of 


@ is divisible by (3) = 10. Thus the only possibilities for a 2 set-transitive 
group, other than A; or Ss, are the transitive groups: 


G, = { (12345), (1325)}, order 20, 
HA, { (12345), (12) (35) }, order 10, 


and their conjugate subgroups in Ss. Since G, is doubly transitive, it is 2 set- 
transitive, and therefore 3 set-transitive by Theorem 3. Since G;, is transitive, 
it is 4 set-transitive by this same theorem. Thus G, and its conjugate sub- 
groups in Ss; (Theorem 2) are set-transitive. If H; were 2 set-transitive, then 
the order of H, would be 10m, where m is the order of the subgroup of H,; which 
carries the set [1,2] into itself. Thus m = 1, and the identity is the only 
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element of H; which carries [1,2] into itself. But (12)(35) € Hi carries [1,2] 
into itself. Therefore H; is not 2 set-transitive. 
By Theorem 4, if a group @ on 6 symbols is 3 set-transitive, then the order 


of @ is m($) = 20m, where m is the order of the subgroup of © which sends 


the set [1,2,3] into itself. The only possibilities for a 3 set-transitive group, 
other than A, or S¢, are the transitive groups: 


Gz = {(12345),(12) (35), (13465), (1325) }, order 120, 

H, = { (12345), (12) (35), (13465) }, order 60, 

and their conjugate subgroups in S,. Since G;, is triply transitive, it is both 3 

and 2 set-transitive, and by Theorem 3, G; is set-transitive, as are its con- 

jugates in S,. If H, were 3 set-transitive, then the order of the subgroup of H, 

which carries the set [1,2,3] into itself would be 3. However, the permutations 
(1), (13) (45), (123) (465) , (23) (56) 


in H, carry [1,2,3] into itself. Therefore H; is not 3 set-transitive. 
Again using Theorem 4, a 4 set-transitive group on 9 symbols has order 


m(‘) = 126m. The only possibilities, other than A, and Ss, are the transitive 


groups: 


Gs = { (1254673), (15) (29) (47) (68), (124) (765) }, order 1512, 
H; = { (1254673), (15) (29) (47) (68) }, order 504, 


and their conjugate subgroups in Sy». Since H; is triply transitive, H; is 1, 2, 
3, 6, 7 and 8 set-transitive by Theorem 3. By this same theorem if H; is 4 set- 
transitive, it is 5 set-transitive and consequently set-transitive. That a per- 
mutatiou can be found in H; which sends the set [1,2,3,4] into each of the 126 
four element subsets of N = [1,2,3,4,5,6,7,8,9] has been checked directly by 
the authors. Therefore H; is set-transitive, and since H; is a subgroup of G;, 
G; is also set-transitive. We summarize these results in the following theorem 
which, as was indicated at the beginning of this section, depends in part on 
the correctness of the list of transitive groups (6, p. 338) for m = 5, 6, and 9. 


THEOREM 11. The only groups on n symbols, other than the symmetric and 
alternating groups S, and A,, which are |}n] set-transitive, are the groups G,, 
Ge, H3, and G3, and their conjugates, on 5, 6, 9, and 9 symbols, respectively. 
These four groups are set-transitive. 


In the verification that the group H; is 4 set-transitive, an element of the 
form ro”, where 7 is an element of order two or three in H; and ¢ = (1254673) 
€ H;, can be found which carries the set [1,2,3,4] into each four element 
subset [a,b,c,d]. For example, with r+ = (64)(72)(51)(39) and m = 4, ro" 
carries [1,2,3,4] into [2,3,5,9]. In the same way, with + = (756) (412) (839) 
and n = 0,1,4,5,6, ro” carries [1,2,3,4] into [1,2,4,9], [2,5,6,9], [1,6,7,9], 
[2,3,7,9], and [1,3,5,9], respectively. 
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It may be of some interest to give an additional description of the four 
set-transitive groups G;, G2, H;, and G;. As an abstract group, G, is metacyclic 
with defining relations R§ = St = 1, S~' RS = R? (7, vol. III, p. 241). Gs is 
isomorphic to the symmetric group S;, and has the abstract defining relations 
R® = S* = (RS*)* = (R*S)? = 1 (7, vol. III, p. 241). The group H; is the 
simple group LF(2,8) consisting of all the linear fractional transformations 


fe ao eth 
~ ex+d 


where a, 5, c, d are elements of GF(2*) such that ad — bc ¥ 0. As an abstract 
group, H; = {A, B} has defining relations 


A’ = B? = (AB)* = (A*BA‘BA®B)? = 1 


(4, p. 174). Finally, G; is isomorphic to the group of automorphisms of H;, 
and G; = {A, B, C}, where C satisfies the relations 


C* = 1, CAC = A’, CBC“! = ABA‘BA‘BA. 


Thus G; has order 1512 and contains H; as a normal subgroup of index 3. 
The generators A, B,and Caregivenby A = (1254673), B = (15) (29) (47) (68), 
and C = (124) (765) in terms of the given generators of H; and G; as permuta- 
tion groups on nine symbols. 
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ON THE HOMOLOGY THEORY OF ABELIAN GROUPS 
SAMUEL EILENBERG anp SAUNDERS MACLANE 


1. Introduction. In (1) we have introduced the notions of “construction” 
and “generic acyclicity” in order to determine a homology theory for any class 
of multiplicative systems defined by identities. Among these classes the most 
interesting one is the class of associative and commutative systems II with a 
unit element (containing the class of abelian groups). For this class we have 
exhibited a “cubical” construction Q(II) and proved its generic acyclicity. 
We have also indicated the initial stages (in low dimensions) of a second 
construction A (II). In the present paper, this gap is completed ; the construction 
A(Il) is defined (§4) and its generic acyclicity is proved (§5). The complexes 
A (Il) are closely related to the complexes A (II, m) used in the theory of the 
groups H(II,m) (2; 3) which were introduced with a view to topological 
applications. It is this relation with the groups H(II, m) which was the initial 
motivation for the introduction of the notion of generic acyclicity. 

We have found it convenient to employ extensively the notion of tensor 
product. In this connection we found a theorem characterizing the natural 
homomorphisms of tensor products, which, besides its own merits, has the 
effect of eliminating many explicit calculations that would otherwise be 
needed in the proofs of §5. This theorem on tensor products is stated in §2 
and proved in §3. These two sections form a self-contained unit, which can 
be read independently of the rest of the paper. 


2. Natural homomorphisms of tensor products. An augmented commu- 
tative ring R is a commutative ring together with a ring homomorphism a: 
R—/J into the ring J of integers; an (augmented) ring homomorphism 8: 
R— R’ of two such rings is an ordinary ring homomorphism satisfying 
a’8 = a. We recall here the convention that each ring has an identity element 
and that each ring homomorphism maps the identity into the identity. 

Important examples of augmented rings are obtained by considering the 
integral ring R = J(I1) of an associative and commutative system II with a 
unit element. This ring J(II) is defined as the free abelian group generated 
by the elements x € II, with multiplication defined by the multiplication in II 
and with augmentation given by ax = 1. In particular, if II is the free associa- 
tive and commutative system with a set {y.} as base, then J(II) is the free 
commutative ring with {y,} as base, or equivalently J(II) is the polynomial 
ring J[{ya}]. The augmentation a assigns to each polynomial P the sum of 


its coefficients; in other words, a(P) = P(1). 
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If R; and R; are augmented commutative rings, their tensor product R = 
R; @ R: (over the integers) has the multiplication (x; @ x2)(x:' @ x2’) = 
X1%1' @ xox’ and the augmentation a(x; @ x2) = (a1%:) (asx). If By: Ri — Ri’ 
and 82;: R;— R;,’ are (augmented) ring homomorphisms then 


8B: @ B:: Ri @ R:— Ri’ @ R?’ 
again is an (augmented) ring homomorphism. With this definition, R; ® R2 
constitutes a covariant functor of two variables. 


We shall treat the tensor product as an associative operation and will 
consider the functors of ¢ variables 


(2.1) Ri" @...@ Ri" 


where the kth factor is the m,-fold tensor product R, @ ... @ R,. We adopt 
the conventions that R® = J and that R @ J = R = J @ R; this allows us 
freely to omit or add terms with exponent 0. In view of the natural isomorphism 
R; @ R2 = Rz @ Ri, the functors (2.1) are essentially the only ones that can 
be constructed using the tensor prod uct. 

We shall be concerned with the natural transformations 


(2.2) p: R;” @...@R,"—R" S.. 2 


of one of the functors (2.1) into another. Such a p is a family of maps, one for 
each #-tuple (R,,...,R,), satisfying the following naturality condition: 
if B,: Ry — Q.(k = 1,...,¢) are augmented ring homomorphisms then the 
diagram 


R:" @...@R™5R”" @...@R™ 
A" @...@ 8" | |B" @...@ 8" 
a" @...@ QA" >A" @...8 Q" 


is commutative. In considering the transformations p three points of view are 
possible: 

(1) Each map (2.2) is a group homomorphism; then p is called a natural 
group homomorphism. With fixed (m,,...,m,) and (m,...,m,) the natural 
group homomorphisms form an abelian group. 

(2) Each map (2.2) is a ring homomorphism; then p is called a natural ring 
homomorphism. 

(3) Each map (2.2) is an augmented ring homomorphism; then p is called a 
natural augmented ring homomorphism. Important examples of natural aug- 
mented ring homomorphisms (for one variable R) are the following: 

(2.3) p: R™ — R™', (x41 @ ... @ Xm) = %1@... @ Xm @ 1, 

(2.4) p: R™*! — R*, p(x1 @ ... @ Xma1) = (ars) X2 @ ... @ Xm, 
(2.5) p: R™!-— R™, sp (X1 @ .. . @ Xmu1) = (X1%2) @ X3 @... @ Xmas, 
(2.6) p: R™ — R*, p(x: @ ... @ Xm) = Xe1 D .. . D Lem; 


the latter for any permutation z of the digits 1, ..., m. 
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THEOREM I. For given (m,,...,m,) and (m,...,%;), the natural group 
homomorphisms (2.2) form a free abelian group with the set of natural ring 
homomorphisms as base. A netural ring homomorphism p may written uniquely 
as 


p=1@...@ op: 
where p,: R,"* — R, is a natural ring homomorphism (k = 1,...,t). Each 
such p, can be obtained by composition of the natural augmented ring homo- 
morphisms of the type (2.3)—(2.6). 


CoROLLARY. All natural ring homomorphisms are augmented natural ring 
homomorphisms. 


COROLLARY. The only natural ring homomorphism 


po: Ri" @®...@R™ OJ 


is the augmentation map. 


Theorem I states in effect that natural group homomorphisms (2.2) are 
exactly those given by the obviously possible formulas. The proof will be 
given in the next section. 

In all our exposition we have considered the ring J of integers as the ‘“‘ground- 
ring’; this could be replaced by an arbitrary commutative ring K. Then R 
will be a K-algebra, a: R— K will be a K-algebra homomorphism and all 
tensor products will be tensor products over K. Our proof of Theorem | 
necessitates the assumption that K is an integral domain of characteristic 
zero. 


3. Proof of Theorem I. The proof employs two elementary lemmas on 
polynomial identities. 


LemMMA 1. If x1,...,%X, are independent indeterminates over an integral 
domain D of characteristic 0, and if the polynomial f € D[{x1,..., X,] satisfies 
the identity 


(3.1) f(xi + 91 — 21,..-5%n + In — Sn) 
= f(x1,... 5%) + f(y, «+ 5 Yn) — f(s1,... 58s) 
then f has degree at most 1. 
Proof. Set g(x:,...,%,) = f(x1,...,%) —f(0,...,0). Then g satisfies 
g(x1 + 91, -- + sXe + Yn) = B(%1,--- Xn) + ECM ~~~ + Mn) 


This is the usual identity characterizing a homogeneous linear polynomial. 


Lemma 2. If a polynomial f € D[x.,...,%,] with coefficients in an integral 
domain D satisfies the identity 


(3.2) St (x1, sees Xn Vn) = S (x1, ***9 Xn) f(y, se » Fale 
then f is a monomial or zero. 
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Here and in the sequel the word “‘monomial’’ will be understood as ‘“‘mono- 
mial with coefficient 1.” 


Proof. The identity yields 
Ju - - <p Me) @ Flee, 1, . -o A SCL, Bm -- - 9 Me)- 
Since f(x:, 1,..., 1) and f(1, x2, ...,%,) each satisfy the identity (3.2) for 1 
and m — 1 variables respectively, the proposition is reduced to the case m = 1. 
For this case, if f ~ 0, set f(x) = ax™ + g(x), with a = 0 and g(x) of degree 
k less than m. Then f(xy) = f(x) f(y) becomes 
ax™y™ + g(xy) = a*x™y™ + ax™g(y) + ay™g(x) + g(x) g(y). 

Comparison of coefficients yields a = a* and hence a = 1, since D is an integral 
domain. Consideration of terms of degree m + k then shows that g(x) = 0. 
Thus f(x) = x", as desired. 


We first prove Theorem I for ¢ = 1. As a “‘model” ring for this proof we use 
the polynomial ring 


P = Jigs, .- +> Fal a(y;) = i. 
in the independent indeterminates y:,...,¥, with integer coefficients. Let 
ag P— P*, Co ae" 


be the natural injection of P into the jth factor of P*. The ring P" will be 
identified with the polynomial ring J[ Y] in the set 


V = {uray - ++ Keays + | Kime + + +» Kn) 
of mn independent indeterminates «x,y; for i = 1,...,m andj =1,...,m, 
each with augmentation 1. A polynomiai in the ring J| Y] will be called generic 
if it is of degree at most one in each of the m strings of variables xyy;, . . . , Kn¥¢- 


With each natural group homomorphism p: R™ — R" we associate a poly- 
nomial f, € J[Y] as follows: 


fo = p(¥1 @... @ ym), p: P®—> FP". 


THEOREM I’. The correspondence p — f, establishes an isomorphism between 
the group of natural group homomorphisms and the subgroup of generic poly- 
nomials in J|Y]. Furthermore p is a natural ring homomorphism if and only if 
f, is @ monomial. 


Theorem I’ includes the first part of Theorem I, for ¢ = 1. The remaining 
two parts of Theorem | will also be established in the course of the proof. 


We begin with 
LemMaA 3. Jf x,€ R(i=1,...,m) are elements with a(x,) = 1, then 
p(x%1 @ ... @ Xm) = f, (x ~x,). 


The last symbol is to be interpreted as the value of the polynomial f, when 
each of the indeterminates «x,y, is replaced by the element «x, of R". 
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Proof. Let 8: P—R be the (unique) augmented ring homomorphism 
satisfying B(y,) = x,(¢ = 1,...,m). Since 8” is a ring homomorphism we 
obtain 


p(x1 @ ... @ Xm) pB™(¥1 @ ... @ ym) = BY, (xyd) 


f, (Bx yy) = F(x By) - f(x xx). 


We are now ready to tackle the proof of Theorem I’. It is clear that the 
correspondence p — f, is a homomorphism. To show that it is a monomorphism 
assume f, = 0. Then, by Lemma 3, p(x: @...@x,) = 0 whenever the 
elements x, have augmentation 1. Now for any augmented ring R and any 
element x € R we have 


x = (ax — 1)6+ (x + (1 — ax) 8), 


where @ denotes the identity element of R. Since @ and x + (1 — ax) @ both 
have augmentation 1, it follows from the multilinearity of the tensor product 
that p = 0. 

Next we show that the polynomial f, is generic. To simplify the notation, 
we shall show only that f, is of degree at most 1 in the string of variables 
KiV1, - ++» Kx¥1. Let Z be the set of the remaining indeterminates of Y and let 
D = J(Z). Then D is an integral domain of characteristic zero and we may 
identify J[Y] with D[xyy1, ... , .¥:]. Consider the ring 


Q = Plu, v) = J[y1,. ~~. Ym, %, 2), 


where the additional indeterminates u and v also have augmentation 1. Let 
w= y, + u — v; then aw = 1. We apply Lemma 8 to the ring Q. Regarding 
f, as a polynomial with coefficients in D, we obtain 


p(w @ ¥2 @... @ Ym) = fp (xiW, . . . , KpW). 


If on the left-hand side we replace w by y; + u — v, expand by linearity, and 
again apply Lemma 3, we obtain 


Four» - + 5 Kar) fp (witt, . . ~ » Kut) — fp(Kid, . . . » Kad). 
Thus f, € D[xyy1,..., %.¥:1] satisfies the identity (3.1) of Lemma 1, and 
therefore f, is of degree at most 1 in the string of variables x,y:, ... , «,¥1- 
Next, suppose that p is a natural ring homomorphism. We apply p to the 


ring R = J[uy,..., Um) V1,..+) 0m), Where au, = av, = 1. The definition 
of the product in R™ yields 


(u; @... @ Um) (01 @ ... Om) = Us: @ ... @ UnVn- 


Then applying Lemma 3 and the fact that p is a ring homomorphism we 
obtain 
Fo( (wes) (xp) = f(x ged f(x»). 


Since x, and «x, are arbitrary indeterminates, Lemma 2 implies that f, is a 
monomial. 
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To complete the proof of Theorem I’ we must show that each generic 
monomial f € J[Y] is of the form f, for some p. Observe that those natural ring 
homomorphisms p: R™ — R" which are composites of homomorphisms of the 
type (2.3)—(2.6) may be described as follows. Let Ay U...\U A, be a decom- 
position of the set {1,..., m} into disjoint sets A ,. Then 


p(x1 @ ... @ Xm) = a(xX4,) Xa, @... O Xa,, 


where x4, is the product of the x,’s with i € A; and x4, = 1 if A, = 0. The 
monomial f, of this homomorphism contains the indeterminate « yy, if and only 
if x, € A, Clearly any generic monomial may be obtained in this way from a 
suitable decomposition Ay U...U A,. 

The proof of Theorem I for general ¢ is like that above for ¢ = 1, with the use 
of ¢ “model” rings 


Py, = J yn... ++ Ve.mals a(ye.1) =1;k =1,...,2. 
For any p as in (2.2) we again have f, in J[Y], where Y is now a set of }- mn, 
independent indeterminates «4; = 1,...,¢,j9 = 1,..., mt = 1,..., my, 


and 
So = (91.1 @ ... @ Vim, @.--. @ V4.1... O Vim,)- 


In concluding the proof, we observe that each generic monomial f in the 
indeterminates Y admits a unique factorization f = f,...f,, where each f, 
is a generic monomial in the indeterminates «x ,y,,; with k fixed. Each f, deter- 
mines a natural ring homomorphism p,: R,™ — R," and p = p, @... @ p; 


satisfiesf, = f,,...f, =fi..-fr =f. 


4. The complexes A*(R). Let R be an augmented commutative ring. 
We convert R into a graded ring by assigning the degree zero to all the ele- 
ments of R. Further by introducing a differentiation (i.e., boundary operator) 
which is identically zero we convert R into an augmented graded @-ring. 
We may now apply the bar construction (2, §7) and define 


A(R, 1) = B(R). 
From now on we continue by applying the normalized bar construction 


(2, §12) and define 
A(R, n) = By(A(R,n — 1)), n> 1. 


The elements of A(R, ) may be described as follows. For each sequence of 
integers k,,..., 1, 1 < ky < mn, consider the r-fold tensor product T,(R) = 
R®...@R. A typical element of this tensor product will be written as 


(4.1) [x1 |e.X2le, eos = * 

instead of the usual x; @ x2 @ ... @ x,. The degree (i.e., dimension) of the 
element (4.1) is m + ky +... + k,1. As a graded group A(R, m) is the direct 
sum of all these tensor products for all sequences k;,..., %,-1 as above and 
of the group J whose elements have degree zero. Thus A(R, m) has no elements 
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of degreesO < d < nwhile, in degree n, A(R, n) consists of R itself. In addition, 
A(R, n) is equipped with a boundary operator @ and a product «, which are 
natural and which convert A(R,m) into a graded d-ring. The complexes 
A(R, n) for various m are compared by means of the suspension map 


S: A(R, n) — A(R, n + 1) 


which is a monomorphism of the additive group structure, raises the dimension 
by 1, and anticommutes with the boundary operator. 

The details of the definition of A(R, ) were motivated by geometrical 
applications. Indeed, if II is an abelian group, then the homology groups of 
A(J(II),) are those of a space X with vanishing homotopy groups 7,(X) 
except for x,(X) = II. For algebraic purposes it is convenient to introduce the 
complexes A"(R) obtained from A(R, m) by the following three modifications: 
(i) The group J in degree zero is removed. (ii) All degrees are lowered by 
n —1; the element (4.1) has thus degree 1 + ki +...+,-:. (iii) The 
boundary operator @ is replaced by 0’ = (—1)"d. 

With these changes the suspension operator S: A"(R) — A**'(R) preserves 
degree and boundary and may be regarded as an inclusion. We thus obtain 
the nested sequence of complexes 


A'(R) C A*(R) CC... CAR) C...,; 


whose union will be denoted by A(R). In this complex we have no product; 
each of the subcomplexes A"(R) has a product *, (inherited from A(R, m)) 
which, however, does not have a unit element. 

The complexes A"(R) and A(R) commence in degree 1 with R while in 
degree 2 we have the group R @ R with boundary given by 


(4.2) 8[x1|1%2] = (ax2) [x1] — [x1x2] + (ax) [x2]. 


The 1-dimensional homology group thus is the quotient of R by the subgroup 
generated by the elements (4.2). We may denote this quotient by 4(R) and 
adjoin it to the complex A*(R) (or A(R)) in dimension zero, with the natural 
map R-—~h(R) as boundary operator. The resulting complex will be called 
the augmented complex A*(R) (or A(R)); its homology groups are trivial in 
dimensions <2. 

If II is a commutative associative system with a unit element and R = J(II) 
then it will be customary to write A (II, m), A"(II), A(II), and h(I1) instead of 
A(J(Il), 2), etc. 

In particular, let II be a free system with base {ya}. Then R = J(Il) is the 


ring of polynomials J[y,]. Let ¢ = [x,|,, . . . |x,-,%,] be an element of A (II, m) 
(or of A*(II) or of A(II)) with x;,...,x, € Il. We shall say that o is generic 
if the product x,...x, is a monomial of degree <1 in each variable ya; 
i.e., if no generator yq is repeated in x,...x,. The unit element of A(II, m) 


also is regarded as generic. The generic elements span a subgroup which will 
be denoted by A (ya; ) (or A*(ya) or A(ya)). The complexes considered here 
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are direct sums of tensor products and the boundary operator is a natural 
group homomorphism, so Theorem I may be applied. It asserts that the 
boundary operator can be obtained from linear combinations of tensor pro- 
ducts of composites of the special homomorphisms (2.3)—(2.6). The formulas 
displayed for these special homomorphisms clearly show that they carry 
generic elements into generic elements, hence the same applies to the boundary 
operator. In other words, the subgroup A"(ya, m) (or A*(ya) or A (ya)) is stable 
under the boundary operator, and thus furms a subcomplex called the generic 
subcomplex of A(II,m) (or of A*(II) or A(Il), respectively). The generic 
complexes A"(y.) and A(ya) may be augmented by adjoining in dimension 
zero the generic subgroup h(y.) of h(IIl) which is defined as the image of the 
generic subgroup of J(II) under the natural homomorphism J(II) — h(Il). 

The determination of the homology groups of the generic subcomplexes 
is our main objective here. The results are contained in the three theorems 
below. In stating these results it is convenient to assume that the base {y.} of 
the free system II is indexed by a simply ordered set {a}. 


THEOREM II. The homology groups of the generic complex A(ya;m) are as 
follows: Ho is the infinite cyclic group generated by the unit element of A (Il, n): 
H,(r = 1,2,...) ts the free abelian group generated by the homology classes of 
the cycles 

[Ya }*n see +, [Va], MS vos SE 


In other dimensions the homology groups are zero. 


THEOREM Ila. The homology groups of the generic complex A"(ya) are as 
follows: Hyr-ry41 (r = 1,2,...) ts the free abelian group generated by the 
homology classes of the cycles 

[ya, }*n see *,[Ya,],  _ ore « = 


In other dimensions the homology groups are zero. In the augmented generic 
complex the group H, (corresponding to r = 1 above) is zero while the remaining 
groups are unchanged. 


THEOREM IIb. The homology groups of the generic complex A(ya) are zero, 
except in dimension 1, where the group H, is the free abelian group generated 
by the homology classes of the cycles |ya|. In the augmented generic complex all 
the homology groups are zero. 


This last result implies that A(II) is a generically acyclic (augmented) 
construction in the sense of (1). Hence the homology of A(II) is naturally 
isomorphic to that of the generically acyclic cubical construction on II, as 
described in (1). 

In the complex A(R), [x;|,,,%2] is a chain of the lowest dimension not con- 
tained in A”(R). Since this chain has dimension n + 2, it follows that 


H,(A(R)) = H,(A"(R)) = Hy-14n(A(R, n)), q<n+l. 
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This implies that for an abelian group II (or more generally, for an associative 
and commutative system II with a unit element) the homology groups H, (II) = 
H,(A(Il)), furnished by the theory of generic acyclicity, coincide with the 
groups Hy14.(Tl, m) = Hy-s4n(A(R, m)) (¢ < m + 1). The latter are the stable 
groups (under suspension) in the theory of the groups H(II, m) corresponding 
to the “jump” g — 1. 


5. Proofs of results of §4. We first observe that in Theorems Ila and IIb 
the second halves, dealing with the augmented complexes, are immediate 
consequences of the first halves. It is also clear that Theorem II implies 
Theorem Ila. 

Next we derive Theorem IIb from Theorem Ila. Since A(y,) is the union 
of the increasing sequence of complexes A"(y,) the homology group H,(A (ya)) 
is the limit of the direct sequence of groups 


H,(A'(ya)) + Hy(A*(ya)) ... 7 H(A" (va)) >... 


where the maps are induced by inclusion (i.e., suspension). For g = 1, it 
follows from Theorem II that the maps are isomorphisms and thus give the 
desired description of H,(A(y.)). If g > 1 then for m sufficiently large, ¢ is 
not of the form n(r — 1) + 1. Thus by Theorem Ila, H,(A"(y.)) = 0 for all n 
sufficiently large, and therefore H,(A(ya)) = 0. 

Thus Theorem II is the only one that still requires a proof. Since all the 
operations involved commute with direct limits, it is clear that it suffices to 
prove Theorem II in the case the (simply ordered) set {y.} is a finite sequence 
{y1, “**, yx}. 

Let E(y1,..., 4; m) be the free abelian group generated by the symbols 
(5.1) YuViese:Jen 1S KH... KH KE OF. 

The symbol corresponding to r = 0 will be denoted by 1. We introduce a 
grading in E(y,...,%¥1; ) by assigning to the element (5.1) the degree rn. 
We also introduce a boundary operator which is identically zero. We shall 
prove that 
(5.2) The correspondence 

O14, +++ Hee) = [Yelen- - - *al¥ee] 
is a chain equivalence 

@ = E(y,..., 913 2) ~A(y,.-- 5 Ve3 m). 

This will clearly imply that the homology groups of A(y,..., Yi; m) are 
as described in Theorem II. 

We shall now apply the “tensor product theorem’”’ of (3) to reduce the 
proof of (5.2) to the case ¢ = 1. The “tensor product theorem”’ establishes a 
chain equivalence 

A(R, n) ® A(Rs, n) 5 A(R: @ Rs, n), 
f 











52 SAMUEL EILENBERG AND SAUNDERS MACLANE 


with natural g and f and natural homotopies #: gf =~ ident., ¥: fg ~ ident. 
Further g has the form g(¢ @-r) = o*,7, provided that we agree to regard 
A(R, m) and A(R2, m) as subcomplexes of A(R: @ Re, m) in the obvious way. 
Since f, g, &, and W are natural, they must have the form prescribed in Theorem 
I. Take R, = J(Il,), where I; is the free system with base yi, ..., y,-1 and 
II, is that with base y,. These maps will then carry generic elements to generic 
elements, and therefore we have an induced chain equivalence 


A(y1,---5¥i-13 m) @ Aye; n) Aly. 65913 n). 
F 


for t > 1. Now consider the commutative diagram 
h 
E(y1, .--,¥e13 m) @ Ely; m) > EQ... 905 m) 
1 o1 @ ode l¢ 


A(y1,.- +5 ¥e-13 #) @ Aly; mn) ZAG» const GA 
where 


h(ys, ..-¥e @ 1) Fg, 203 Fe 
and 


h(y:, ++, @ ys) wal , EEE 4. 


and where ¢; and ¢2 are the maps of (5.2). Clearly # is an isomorphism. 
If therefore ¢; and ¢2 are chain equivalences then so is g(¢: @ ¢2) = oh. 
Thus ¢ also is a chain equivalence. 

The above argument reduces the proof to the case ¢ = 1. To establish 
Theorem II in this case we employ the “Normalization theorem” of (2). 
An element 


[xale, .-- le,-.%e] 


of A(R, 2) is called a norm if r > 1 and x; = 1 for at least one i = 1,...,7. 
The norms generate a subcomplex; factoring A(R, m) by this subcomplex we 
obtain the normalized complex Ay(R, »). In (2, Theorems 4.1 and 12.1) we 
have established a chain equivalence 


A(R, n) 4, Ay(R, 2) 
g 
where fg = identity, f is the natural factorization map and both g and the 
homotopy ®: gf™ ident. are natural. Furthermore gf = ident., modulo 
norms. 

Passing to the generic complexes A(y.; ™), we introduce the normalized 
complex A y(ya; m) just as above and denote by f’: A (ya; m) — Aw(Ya; m) the 
natural factorization homomorphism. The map gf: A(R, ») — A(R, m) and the 
homotopy ©: gf = ident. are both natural, and hence by Theorem I induce a 
map k: A (ya;")—>A(ya;) and a homotopy ®’: k ~ ident. Since ker f’ C ker k, 
it follows that k admits a factorization k = g’f’ with g’: Ay(ya; m) ~A(Ya;m). 
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Since gf and hence k are congruent to the identity, modulo norms, it follows 
that f’g’ = ident. We therefore obtain a chain equivalence 


A (ya; n) £ Ay (Ya; n). 
g’ 

Now consider the generic complex A (y; ) for a single generator y. In this 
complex all the chains of dimension > are norms. Since d[y] = 0 it follows 
that the complexes A y(y; m) and E(y; ) may be identified. Under this identi- 
fication we have f’@ = ident. Therefore 


ge =¢fo~?, 


so that ¢ also is a chain equivalence. This completes the proof. 
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A CANONICAL SET FOR MATRICES OVER A 
PRINCIPAL IDEAL RING MODULO m 


L. E. FULLER 


1. Introduction. If m€ P where P is a p.i.r. (principal ideal ring), then 
P/{m} is a commutative ring with unit element. The elements of this ring are 
designated by @ where a € P. The set of square matrices of order n with ele- 
ments in P/{m} forms a ring with unit element. The units in this ring are the 
unimodular matrices, i.e., the matrices whose determinants are units of P/{m}. 
By the following definition, these unimodular matrices determine equivalence 
classes in the ring of matrices. 

Two matrices A and B are row equivalent, or left associates, if there exists a 
unimodular matrix U such that UA = B. 

We shall derive a canonical set for our matrices under row equivalence. 
This was first done by the author for P the ring of integers (1). The present 
paper simplifies and extends that result. 


2. The canonical set. The basic case to be considered is for m = p*, pa 
prime in P, and k a positive integer. An element a € P and p* have a g.c.d. of 
the form p‘ where 0 < t < k. We designate d(a) = ¢ as the degree of the 
element a. All elements of the same degree are associates in P/{p*}. If an 
element is of degree zero, it has an inverse in P/{p*} and hence is a unit. If 
d(a) = k, then the element is in the zero class in the modular ring. All other 
elements are proper divisors of zero in P/ {p*}. The elements a of P/{p*} thus 
belong to one of k + 1 ordered classes. The order of a class is determined by 
the degree of any element in it. For convenience, the bar over the elements of 
P/{p*} will be dropped when they are elements of a matrix. 

THEOREM 1. Every nth order matrix with elements in P/{p*} is the left 
associate of a matrix having the following properties: 

1. The degree of every element is at least equal to the degree of the diagonal 
element of its row, that is, d(a,,) > d(a,,) for all r and s. 

2. The degree of every element above the diagonal is greater than the 
degree of the diagonal element of its row unless that diagonal element is zero, 
i.e., d(a,,) > d(a,,) for alls > r if a,, + 0. 

3. Every diagonal element is of the form p‘,0 < t < k. 

4. If for r #s, d(a,,) > d(a,,), then a,, = 0. If d(a,,) > d(a,,), then 
a,,€ P/{p*}/{a,,}, that is, a,, is unique modulo a,,. 

Properties 1 and 2 give the relationship between the elements in a row and 
their diagonal element. Property 4 does this for the elements in a column and 
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their diagonal element. Property 3 uses a convenient representative for the 
classes of elements of the same degree. 

The second property could be applied to the elements below the diagonal 
instead of to those above. For uniqueness, it is necessary to have it one way or 
the other. For the exception noted in Property 2,a,, = 0 for all s by Property 1. 
This would be true for either form of 2. 

If k = 1, then P/{p*} is a field. The elements are either of degree 1 (if = 0) 
or of degree 0. By Property 3 all diagonal elements are either zero or unity. 
If the diagonal element is zero, the rest of the row is zero by 1. If the diagonal 
element is of degree 0, the rest of the column is zero by 4. By Property 2, the 
matrix is triangular with zeros above the diagonal. These properties are those 
of the Hermite form for a square matrix over a field. 

Before proving the theorem, let us outline briefly how the diagonal elements 
are to be chosen. Each element of the matrix belongs to one of the k + 1 
ordered classes based on their degrees. We consider those in the class of lowest 
degree for the given matrix. For the first diagonal element, we choose any one 
in this class with one exception. When a row contains more than one element 
of the class of lowest degree, our choice in property 2 requires that we consider 
only the element with the highest column index. In step 2 we form a submatrix 
by deleting the column used in step 1 and the corresponding row. From this 
subarray, a choice of a second element in made in exactly the same manner. 
At each succeeding step, one more column and the corresponding row are 
deleted. An element is then selected from the resulting square submatrix as in 
the first step. 

Step 1. By an interchange of rows, if necessary, place the chosen element in 
the diagonal position. This element can then be changed toa power of p by using 
a suitable unit as a multiplier. Because of the way in which the diagonal 
element was selected, all other elements of the column are multiples of it. By 
elementary transformations these can be reduced to zero. The index of this 
column and the corresponding row will be designated as the Ist. 

Step 2. Make a choice of a new element from the submatrix formed without 
the Ist row and column. Place this element in the diagonal position and change 
it to a power of p. The elements in this column will, as before, be multiples of 
this diagonal element so that they can be reduced to zero. The one possible 
exception to this is the element in the Ist row. It can be transformed to the 
representative of its residue class modulo this new diagonal element. The 
index of this column and the corresponding row will be designated as the 2nd. 

In general, the Ath diagonal element is chosen from the submatrix formed 
by the deletion of the rows and columns designated as jth forj = 1,...,4 — 1. 
The selected element is placed in the diagonal and transformed to a power of . 
All elements in rows not designated as yet are multiples of this diagonal 
element and can be reduced to zero. The elements in designated rows belong to 
residue classes modulo this Ath diagonal element. Each can then be transformed 
to the representative of its class. 
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Working with elements of least degree ensures Property 1. The choice of the 
element with the higher column index gives us Property 2. Properties 3 and 4 
obviously follow from what is done after the selection of a diagonal element. 


3. Uniqueness of the canonical set. To prove uniqueness, we assume that 
two canonical matrices A and B are in the same row equivalence class. Under 
this assumption, there exists a unimodular matrix Q such that QA = B. We 
must prove that A = B. This is done by an induction on the columns of A 
and B in the matrix equation. For the induction, we shall order the columns of 
A first according to the degrees of their diagonal elements, starting with the 
columns whose diagonal elements are of least degree. Then for those of the 
same degree, we order according to their indices, starting with the largest one. 
The degrees of the diagonal elements thus form a non-decreasing sequence 
under the specified ordering. There is always an increase in the degree when- 
ever the column index is increased. This ordering is similar to that used in 
choosing the diagonal elements, the only difference being in the final ordering 
of the indices. This is done to simplify the proof. Because of this similarity, the 
bar notation will again be used to designate the ordering. At each step the 
degrees of the elements involved in the equations will play a key role. The 
reductio ad absurdum proof will come from an equation with the left side 
having all terms of higher degree than the single term on the right side. This 
situation will arise as a consequence of certain combinations of Property 2 and 
the following lemma, where it is assumed ay, ¥ 0. 


Lemma 1. If fori >h: 


(a) h>%, then d(ax) > d(am), 
(b) h <i, then d(az) > d(am). 


This is the symbolic statement of the ordering on the columns of A that we 
are using. 


LemMMA 2. If i> h, then ax, = 0. 
By Property 1 and Lemma 1, the following inequalities hold: 
d(az) > d(az) > d(am). 


The conclusion is a consequence of Property 4. 

Since Q is unimodular, it must have at least one unit in every row and column. 
We shall see that the only elements of degree zero will be the identity elements 
in the diagonal unless some diagonal element of A is zero. Then the correspond- 
ing column of Q will be arbitrary. 


THEOREM 2. The canonical set is unique. 


The Ist column of A contains all zeros except possibly the diagonal element, 
by Lemma 2. If it were also zero, then all diagonal elements of A would be 
zero by Lemma 1. Then by Property 1, A would be the zero matrix. It follows 
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that B must also be the zero matrix. In this event we have A = B at once. In 
case the diagonal element is non-zero, the equations for this column take the 
simple form: 

Qrt @rr = Or, F ot Bivcce@i 


Since Q is unimodular, some g77 must be of degree zero. If d(gyz) = 0, then 
d(ayxy) = d(byz). By Property 3, ay = dy so that gr is the identity element. 
Consequently, d(b;7) > d(byz) for all r. Therefore by Property 4, by = 0 for 
r # 1. This means that g- arr = 457 ayy, so that only the gry is a unit in the Ist 
column of Q. Because d(ay;) > d(ar), grt Qt; = Sr Gr; for all s by Property 1. 

If grr were not a unit, then some other g7z would be of degree zero. We can 
derive a contradiction to this assumption by considering the equation involving 
the #th diagonal of B: 


> qriar = bz. 


We know that 
d(az) > d(az) > d(ary) = d(by1) > d(d7). 


The first and last inequalities hold by Property 1. The strict equality is a result 
of the assumption on g7. The other inequality follows by Lemma 1. We shall 
now see that at least one of the three >'’s is a strict inequality for each 1. 
This gives a false equation with all terms on the left of higher degree than the 
one on the right. 

If I > #, the last inequality is a strict inequality by property 2 of the 
canonical set. If # > I and 7 > I, the second > is now strict by Lemma 1(b), 
since i > 1. If # > I and I >i, then # > 7 so that the first > cannot be an 
equality, by Property 2. 

Assume that the jth column of A is the same as the corresponding column of 
B for j = 1,...,4 — 1. We shall now show this to be true for the Ath column 
of A. From our assumption we know that for all 7 < A, 


Qrj Azz = 577 075. 


By Lemma 2, we also known that a; = 0 for r > h. These assumptions mean 

that the equations involving the elements in the Ath column take on one of two 
forms: 

Grh Onn = OF, ifr >h, 

Or On + OK = Or, ifr <h. 


In case ay, = 0, then a7; = 57, for all r < h. This is also true for r > A, 
since a7; = 0 = by, so that the Ath columns are the same. By Property 1, 
ay; = 0 for all s so that g77 a75 = 577 az; will hold for all 7 < h. In addition, 
az = 0 for all r > h, by Lemma 1. 

If ax; * 0, then some g7 in the first equation must be a unit, since q77 is the 
identity element for j < h. If it is gm, then, as before, ag; = by; by Property 3 
and gm = 1. In the second equation aj can be replaced by dy so that, by 
Property 4, a7, = b7 for all r. 
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If gxx were not of degree zero, then some other gz, r > h, must be a unit. 
We again obtain a contradiction to this assumption from the equation involving 
the 7th diagonal element of B. In this equation, if i < h, then 


Gri Ai; = S77 077 = O 
by the induction hypothesis. This reduces the equation to the form: 


Dd gnaw = br. 


We know that 
d(az;) > d(azz) > d(am) = d(bx5) > d(d77). 


In exactly the same manner as before, one of the three inequalities is found to 
be a true inequality. The only difference lies in using h instead of 1. Therefore 
this is a false equation and the two columns are identical. 


4. Extension of the results. We first note that the Chinese Remainder 
Theorem (2, p. 18) holds for a p.i.r. 


LEMMA 3. If m, and mz are relatively prime elements of a p.i.r., and the a, 
are any given residue classes modulo m,, then there exists a residue class 4 modulo 
m ym, such that a = a, modulo m,, for i = 1,2. 


Since m, and m, are relatively prime, in the p.i.r. there exists an f and g such 
that 


fm, + gm, = 1. 


This means that f is the inverse of m, modulo mz, and similarly that g is the 
inverse of m, modulo m,. We can now define our desired residue class using the 
following representative: 

a@ = a; gm2 + G2 fm. 


That the residue class thus determined has the required properties can be 
readily verified. 

With one more lemma we can outline the extension to the case of the 
modulus m = p;"*-...-p,"*, where the p,; are distinct primes. These prime 
powers p,** will be called primary factors of m. The canonical set we choose 
will not be easy to describe but it will be unique because the residue class 
determined in Lemma 3 is unique. 


LemMaA 4. If A and B are row equivalent over P/{m}, they are row equivalent 
over P/{p*}, where p* divides m. 


If A and B are row equivalent, then there exists a matrix U such that 
UA = B. Since the determinant of U is a unit in P/{m}, it must be prime to 
m. If it is prime to m, it is prime to p*, and hence is a unit in P/{p*}. 

The converse of this lemma is not necessarily true, since a number can be 
prime to ~* and not to m. However, any number that is prime to all primary 
factors of m is prime to m. 
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The lemma tells us that all row equivalent matrices over P/{m} are row 
equivalent over P/{p*} for each primary factor of m. For a given class over 
P/{m}, there will correspond a row equivalence class over P/{p*}. For each 
of the primary factors of m, the corresponding equivalence class has a canonical 
representative. One can find by Lemma 3 a matrix over P/{m} that is con- 
gruent to each of these representatives. This matrix will be row equivalent to 
the given class over P/{m}, since it is row equivalent for every divisor of m. 
We call it the canonical matrix of the given equivalence class. 
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THE WEDDERBURN THEOREM 
HARRY GOHEEN 


Wedderburn, in 1905, proved that there are no finite skew-fields (5). 
Wedderburn’s result has also been proved by Dickson, Artin, Witt, and 
Zassenhaus (2; 1; 6; 7); however, it seems to the author that the proofs so 
far given introduce concepts not obviously related to the theorem. It is the 
purpose of this note to use a result of Cartan, which was later proved in 


greater generality by Hua (4), to give a simpler and more direct version of 
the proof of Zassenhaus. 


LemMA 1 (Hua). Any invariant division subring of a skew field must be 
contained in the center of the skew field. 


The proof, being well known, is omitted. 


Let N(H) denote the normalizer of a subgroup H of a finite group G. We 
have 


LemMA 2 (Zassenhaus). If all the elements of N(H,) commute with all the 
elements of H, for all Abelian subgroups H, of G, then G is Abelian. 


Proof. Let the lemma be true for any finite group K in which the hypotheses 
hold, provided K has fewer elements than the finite group M. Suppose that 
the hypotheses hold for M. We distinguish two possible cases: (1) M has a 
non-trivial center Z and (2) the center of M is the identity. In case (1) the 
quotient group M/Z has fewer elements than M and the hypotheses hold for 
M/Z. Hence M/Z is Abelian, and if x and y are any two elements in M, 


xy = yxz 

for some element z in Z. Then y is in the normalizer of the Abelian group 

generated by x and Z. By hypothesis, y commutes with every element of this 

Abelian subgroup, and yx = xy. Since x and y are arbitrary, M is Abelian. 
In case (2), let C; be a maximal subgroup in M of index nm > 1. Then C, 

is Abelian. If C; is invariant, every element of M may be written as ?‘c,, for ¢ 


an element of M not in C; and c, an element of C;. Then, if « and v are two 
elements of M, 


uv = (t'c,)(t*c,). 


Because of the commutativity of c, and c;, of ¢‘ and #, and of ¢ and any element 
of C,, this may be written as (f*c,) (t‘c;). Hence uv = vu. 


Received February 25, 1954. 
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On the other hand, if in case (2) C; is its own normalizer, then C, has n 
conjugates in M, and M has a faithful representation as a permutation group. 
The permutation corresponding to x in M is 


o() = ( Cy GG... G }. 


x'Cye x Cee... x Ce 


In this representation, the subgroup fixing the letter C, is the subgroup C,. 
The representation is of class nm — 1; for if a permutation ¢(z) fixes two letters 
C, and C,, z must be in C, and C;. Then since both C, and C, are Abelian and 
together generate M, z is in the center of M and therefore is the identity. 
Since the representation is of class m — 1, then by a theorem of Frobenius on 
such groups (3), M has an invariant subgroup A consisting of the elements 
corresponding to permutations of degree m in the representation. Furthermore, 
A is Abelian, and A and C, generate M. Thus every element of M may be 
written in the form a,c, with a, from A and c, from C;. Then, if « and v are 
any two elements of M, 


uv = (a,C;)(a,c;) = vu, 


since A and C, are both Abelian and every element of C, is commutative with 
every element of A. Since u and v are arbitrary elements, M must be Abelian. 
Thus case (2) cannot occur, for we have the contradiction that Z is M itself. 
To complete the induction we note that the lemma is true for all groups of 


prime order. e F L/ / 3 


THEOREM. There is no finite skew field. 


Proof. Let D be a finite skew field, M its multiplicative group, H any 
Abelian subgroup of M, and Z the center of D. By an induction argument, it 
will be demonstrated that every element from the normalizer of H commutes 
with every element of H. By Lemma 2, it will follow that M is Abelian. 

If H is in Z, its normalizer is M and, since H is in the center, every element 
of M commutes with every element of H. Let H be an Abelian subgroup of M 
which is not in Z. Then H and Z generate a commutative subfield X of D. 
It cannot be D itself since D is a skew field. However X is contained in a 
proper maximal division subring C of D. 

Now we make the induction assumption that all finite division rings which 
have fewer elements than D must be fields. Then C is a field and its multiplica- 
tive group is in the normalizer of H in M. However, no element not in C can 
be in the normalizer of H; for if s is, then X is invariant under s and hence 
under the division ring generated by C and s. But this division ring is D and X 
is therefore an invariant division subring of D. Then, by Lemma 1, X is in Z. 
This contradicts the assumption that H is not in Z. Therefore, the multiplica- 
tive group of C is the normalizer of H in M. Since C is a field, every element 
of the normalizer of H in M commutes with every element of H. By Lemma 2, 
M is Abelian and D is a field, contrary to hypothesis. The hypothesis that D 
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is a skew field being contradictory, it follows that there are no finite skew 
fields with as many elements as D if there are none with fewer elements. 

To complete the induction it suffices to note that any division ring with a 
prime number of elements must be a field. 
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THE EXISTENCE OF A DISTRIBUTION FUNCTION FOR 
AN ERROR TERM RELATED TO THE EULER FUNCTION 


PAUL ERDOS anp H. N. SHAPIRO 
1. Introduction. The average order of the Euler function ¢(m), the number 


of integers less than which are relatively prime to m, raises many difficult . 
and still unanswered questions. Thus, for 


(1.1) R(x) = ¥ o(n) - 4,2, 
nqz 7 

and 

(1.2) H(x) = > _ Sx, 


it is known that R(x) = O(x log x) and H(x) = O(log x). However, though 
these results are quite old, they were not improved until recently. Walfisz 
(1) has given the outline of a proof of 


R(x) = O(x(log x)*/*(log log x)?*). 
On the other hand it is known (3) that 


(1.3) R(x) # O(x log log log x). 
and 
(1.4) H(x) # O(log log log x). 


In this direction it was proved in (4) that each of the following inequalities 
holds for infinitely many integral x (c a certain positive constant): 


(1.5) R(x) > cx log log log log x, 
(1.6) R(x) < — cx log log log log x, 
(1.7) H(x) > c log log log log x, 
(1.8) H(x) < — c log log log log x. 


In this paper we propose to continue the study of the error function H(x), 
and will prove that H(x) possesses a continuous distribution function. By 
this we mean that for N(n, u) = the number of m < n such that H(m) > u, 
we have for each u, —” <u < @, that the limit 


(1.9) lim Aine 


Non 


= F(u) 


exists; and the non-increasing function F(u) is continuous for all wu. 

In the case of additive arithmetic functions, necessary and sufficient 
conditions for the existence of a distribution function are known (5; 6). 
The methods used in (5) to establish the sufficient conditions seem to apply 
in a fairly general way for establishing the existence of a continuous distribu- 
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tion function even for a function which is not additive (7). This method serves 
also as the basic framework of the proof given here for the existence of a 
continuous distribution function for H(x). 

There are essentially three steps. First, we introduce for each integer 
k > 1, the function 

an ((n, Ax)) _ — 4) 

(1.10) H,(x) = > (n, As) «IT 1 5) 
where 


A, = [I 2; 


PLPe 
where p, is the kth prime. It is then shown that for each u, with fixed k, if 
N,(n, u) is the number of m < n such that H,(x) > u, the limit 


(1.11) lim eC) = F,(u) 

exists. We then see that (1.9) follows if we can show that, for a given u and 
any « > 0, the inequality 

(1.12) |N(n, u) — N,(n, u)| < en 


holds for each k > ko = ko(e) and all m > mp = mo(k). For from (1.12) we have 


<q ¢, 


| 
N(n, u) -_ N,(n, u) inf N(n,u) _ lim N,(n, u) | 
n n n n 


sup <q «, 


| n-c0 


' n—co ‘ 


for k > ko. This in turn gives 


N(n, u) . -N(n, u)| 
= inf a 


| < 2e, 


and the existence of the limit (1.9) follows. 
The next two steps of the proof are devoted to establishing (1.12). This 

asserts that the number of m < nm such that either 

(a) H(m) < uand H,(m) > u 
or 

(8) H(m) > uand H,(m) <u 
is less than em for each k > ko, and sufficiently large m. It suffices (since the 
argument is the same for the other case) to consider only the case (a). At this 
point the second step of the proof comes in. It is proved that, given any 6 > 0, 
e > 0, for & fixed sufficiently large, and m sufficiently large, 


(1.13) \H(m) — H,(m)| <6 
except for at most }en integers m < n. Thus in case (a), 
H(m) <u-—i, H,(m)>u 


can hold for at most 4en integers m < n. Hence we need consider only those 
m for which 
(1.14) u—éi< H(m) < u. 





es 


er 


if 
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This then brings us to the third step of the proof. It is shown that given 
e > 0 there exists a 5 > 0 (6 = &(€), independent of u), such that for suffi- 
ciently large m, the number of m < m such that (1.14) holds is less than en. 
This clearly completes the proof of the existence of F(u). Furthermore, the 
result of this third step implies that for a fixed u, given any ¢ > 0, there isa 
6 = 6(e) such that 0 < F(u — 6) — F(u) < «, which yields the continuity 
of F(x). 

The main component of the argument used to carry out this last step is 
the result that, for any fixed integer /, the function 


o(x + 1) o(x + 1) 
x+1 x+l 


has a continuous distribution function. Though we shall not bother to delineate 
the proof of this, it is contained in the arguments given. The idea in the proof 
of the result desired in the third step is that its negation would for some / 
imply the existence of a discontinuity in the distribution function of ®,(x). 


2. First step: The existence of F,(u). We have 
o((m,Ax)) _ > u(d) 


n<z (n, Ax) net diinas) @ 


| 

® 
> 

.~ 
ale 
— 
IR 
oe 


EP BOy, 


a\Ae 
where {z} = z — [z] denotes the fractional part of z. This in turn yields, 
from (1.10), 

we: uld)sz\ 
(2.1) H, (x) at £7, d d ’ 
Since {x/d} is, for fixed d, a periodic function of x with period d, we see from 
(2.1) that H,(x) is a periodic function of x with A, as a period. Thus we 
have 


N(n,u)= LD 1=F Y 1+0(), 


men k mSAb , 
Hi(m)>u Hi(m)>u 
so that 
. N,(n, 1 
tim “2% ) = 4 No(s, u) = Fr(u) 
exists. 


3. Second step. We will prove in this section that, given any 7 > 0, for 
each k > ko = ko(n), and all x > xo = x(k), we have 


z 


(3.1) > (A(n) — H,(n))’ < ax. 


n=1 
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From this it follows that if M(x) is the number of n < x such that 
|\H(n) — H,(n)| > 6, 


M(x) < 4x/é*, which yields the statement concerning (1.13). 
(3.1) is established in a rather straightforward fashion in the following 
sequence of lemmas. 


LemoMaA 3.1. 


(3.2) > H*(n) ~ (2, + §) =. 


ner 


Proof. This is essentially Lemma 12 of (8), which asserts that 
Zz 
: 2 
(3.3) fu (u) du ~ 5,3" 


The passage from (3.3) to (3.2) is simple and we omit it. In passing it is 
perhaps of some interest to note that (3.3) is proved by means of a method of 
Walfisz (2), and seems to be slightly ‘“‘deeper” than the rest of our estimates 


which require only elementary methods together with a strong form of the 
prime number theorem. 


LEMMA 3.2. 
(3.4) > Hi(n) ~ ayx, 
nqr 
where 
- 1 5 4G) u@:) 
(3.5) on, = 12 £4, ad (dy, d:)" 
d,\|Ate 
1 1 . 
+e] is +4 ‘T 1-5 
P<Pe 4 5c, 
> ( ( ) 
= = l =» = 1 as “nm 
2 PLP p p 
Furthermore, 
(3.6) inn «= +5 
ko aa Tr 


Proof. From (2.1) we have 


(3.7) Y Hin) =>> eeu ef a} n Mi a} 


es |Ae d, ds 

|\Ae 

= yr HG) #@:) { n Mi nt 
wads aS aE 
d,\Ae 


Also, 





ng 


of 
eS 
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(3.8) DAaNas* 2. aa & 
1< j<d,—1 nm i(d,) 
(d,.ds) |(4—- n= j(d.) 


1 


1<j<d,—1 
(a, .4s) |t—J 


Al(i—p 


l 


A - 
= Fa*, 2, 6 +O), 


+ did. sebelns' —1 Aga d; } J ow) 
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where A = (d;, dz) is greatest common divisor of d,,d2, and {d,, ds} is the 


least common multiple of d;, de. 
A simple calculation gives that 
A—1 ad,—1 d,—1 
ij = = ( Dik 2 i 
tm 1(A) jum 100) 


~ Se 1, dids 
(3.9) = +¢% 4 


Combining (3.7), (3.8) and (3.9) yields 
E Min) = xy Hd wld) eld) x ¥a+ i 


ary 
z |Ae 


~4 EF wid) at 1) aC) (d;, da)? 


d,\|Ae 


+6] (a) ein (1-5 


PPe PSP 


31, (- j)(1-3)) 


which is precisely (3.4) and (3.5). Since 


+ 4)) 


- 4 5 ow 


l ' . 


it follows from (3.5) that 
tne, @ £ yee) 
kc 12 di.ds 


(3.6) then follows from 


dd: 


u(d, ) u(d2) (ds, d,)* 
di,ds did; 





LEMMA 3.3. 
(3.10) > H(n) H,(n) ~ Byx 


nqr 


2) (dr, do) d,)* 
2 


+§ 
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where 
_ 1 ud) wd) 
(3.11) & = 12 ». — a (d1, de) 
ad, |Ae 
3 ( ) 1 ( 1) 
- se J a 
2a” cps p + ©" Hn ? 
Furthermore, 
(3.12) en) man +S. 





Proof. Setting 
M(u) = D4 


’ 
d<u d 


since, by the prime number theorem, M(u) = O(log~*u) for any fixed c > 0, 
we have for uv = x 





> o(n) m u(d) 
n<z ia<z d 
-> ald =| +E u( s) — M(u)|o] 


on ‘ x- > ald))x\ + O(v log~**u). 


Taking u = x log~‘x, we get 
d ~e 
(3.13) H(x) = —- st + O(log™*x). 
(This is essentially Lemma 2 of (8).) 
From (2.1) and (3.13) we obtain 


Zin) Hn) = mbes) mide) of 2M &\ 4 oog, 


a,|Ae 
4,<2 log~ 





Using a slight modification of o 8) and (3.9) we get 
- u (ds) age) te (d; + a)\ 
2D He(n) H(n) =x >. ey elelt>_ ,, 2 5+ - oe 


d; d 4 
4,<2 log~*z 4 O(x log™ x) 
ly #@) eee 
12 2». a —3a (di, d:)° 


d,\|At 
7O- : (1-5) 
a Dn 
el -J+eL-- 
which gives (3.10) and (3.11). From this it follows easily that 


‘ 1 6 
lim By = 573 +-7. 
ka J T 
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Applying (3.2), (3.4), and (3.10) we have 
p>» (H(n) — H,(n))? = > H’(n) —- 220 H.(n) H(n) + > Hi(n) 


war Ash + J — 28, + nt . 
T TT 
From (3.6) and (3.12) we see that 


, 1 6 
tim (=, + — 26, + on) = 0, 
k-y00 " T 

and the assertion concerning (3.1) made at the beginning of this section 
follows immediately. 


4. The third step. In this section we propose to prove that, given any 
e > 0, there exists a 6 > 0 such that the number of m < x such that 


(4.1) u< H(m) <u+éi for some 4, 


is (for sufficiently large x) less than ex. 

We shall suppose that the above statement is false and derive a contra- 
diction. Negating the above assertion yields that for some constant A > 0 
and each 6 > 0, there exist infinitely many positive integers x (depending 
possibly on 6) such that for some u (depending possibly on x as well as on u) 
the number of m < x such that (4.1) is satisfied is at least Ax. 

Since from (3.2) we have 


(4.2) e H’(m) < cx, 


it follows that for these u = u(x,5) (we restrict ourselves to 0 < 6 < 1), 
we have that either —2 < u < 0, or from (4.2) 


2 
u 
1 Ax < 4x, 


so that in any event the possible values of u = u(x, 6) are bounded. Thus for 
each 6 (0 <6 <1) we can find an infinite sequence of positive integers 
{x,(6)} such that 


(4.3) lim u(x,(6), 8) = u (8), 
tya 


where the set of u*(5) is also clearly bounded. Thus again we can choose a 
sequence 6, — 0 such that the limit 


(4.4) lim u’(8,) = @ 
jac 


exists. 
Given any 6 > 0 we can find a 5, < 46 such that 


la — u’(8,)| < }s. 
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Since from (4.3) we know that, for all sufficiently large i, 


|x" (8,) — u(x4(5,), 5,)| < %, 


it follows that for this sequence {x,(5,)} we have 


(4.5) \a _ u(x,(5;), 5,)| < 50. 
For m < x,(6,) there are more than Ax, integers m < x, such that 
(4.6) u(x,(6,), 5,) < H(m) < u(x,(8,), 5;) + 5; 


But since (4.5) implies that 
a — 6 < u(x,(,), 5;) < u(x,(5,), 5;) + 5; < u + 5, 


it follows that for at least 4Ax, of the m <x, we have one of the 
inequalities 

(a) &@< H(m) < a+, 

(8) @—-8 <H(m) <a. 


Since at least one of (a) or (8) must occur for a sequence of 4’s approaching 0, 
at least one of these is the case for all 6 > 0. Since the treatment of the other 
case is exactly the same, we assume (a). Thus we have that, for any 6 > 0, 
there exist infinitely many positive integers m such that the number of 
integers m < n for which 


(4.7) a< yO _Smcats 


rl 
is greater than }An. 

Let m, < mz <...< m,<n (t > 4An) be the integers <n which satisfy 
(4.7). Clearly my41 — m, < 4/A has at least 4An solutions. Thus there exists 
an integer 1<4/A such that my, —m,=1 has at least A*n/16 solutions. 
Furthermore, by extracting a suitable subsequence from our infinite sequence 
of m, we may assume that / is independent of n. 

The above in turn implies that for any 6 > 0 there exists an infinite sequence 
of such that 

m+ il—1 ¢(r) 6 
(4.8) > -l| <3 
r=m r _ ae 
has at least A*n/16 solutions m < n. In deriving a contradiction from this, 
the underlying idea is that this implies that the distribution function (it 
exists, though we forego a proof of this) of 
$(x) o(x + / — 1) 
ohh rey po 
would have to have a discontinuity at 6//x?, and this in turn-would lead to 
the existence of a discontinuity in the distribution function of ¢(x)/x (which 
is known to exist and be continuous) (5). 
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We set 
gol) — 1] (1 - 1), 
Ue 
u(n) if n is divisible only by primes p < D, 
Up(m) = 
| 0 otherwise; 
so that 
dn(x) _ (x) 
x ? - - 

and 

do(m) _ s(n) a {xo(@) ” HY =| 

site > n n y d d d 


= ey POT HO + O(log x) 


~A1(-3)-9). 


From this it follows that, given 7, 72 > 0, we can choose D > D(m, 72) suffi- 
ciently large so that for all but 9. integers x < m we have 
tole) _ $0) <, 

x 
Thus, taking 9, = 6/1 and 9, = A*/32, we obtain from (4.8) that for each 
sufficiently large D, there exist infinitely many positive integers m such that 
the inequalities 


0< 





m+il—1 
(4.9) S gol) _ 81) <a 
and 

o(m) , "X"* do(r) _ 6 | 
(4.10) > ee - a3l| <2 





are satisfied simultaneously by at least A*n/32 integers m < n. 


LemMA 4.1. There exist absolute constants p > 0, and 5, > 0 (independent 
of D) such that for at least A*n/64 of the solutions m < n of (4.9) and (4.10) 
we have for 6 < bo 


m+ I—1 


r=m+1 
Proof. For if (4.11) is false, (4.10) implies 
(4.12) 0< <n 4m. 


Since the distribution function of ¢(m)/m exists and is continuous, for p and 
6 sufficiently small, (4.12) can have at most A’n/64 solutions m < n. 
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Thus we may restrict ourselves to solutions m of (4.9) for which (4.11) 
holds. Also there is no loss of generality in assuming 6 < 4p, as we shall do 
henceforth. 

Next, we discard a certain “‘small’”’ set of integers. Since 


= 1 lj n ae 
(4.13) ¥ xi > Here 


it follows that the number of m < n such that 


(4.14) ~ i<z, 0<i<I-1, 


pimt+iP 
fails to hold is less than legn/E, which for E > 128lc2/A? is in turn less than 
A’n/128. Thus for such an E we have an infinite sequence of such that 
(4.9), (4.11) and (4.14) hold simultaneously for more than A*n/128 integers 
m <n. 

We now attempt to show that the set of integers m which satisfy (4.9), 
(4.11) and (4.14) has small density, thereby obtaining a contradiction. For a 
given integer m define 

A(m) = TT p. 


pim 
p<D 


We then associate with each integer m an (J — 1)-dimensional vector k(m) 
as follows: 


X(m) = (A(m + 1), A(m + 2),..., Am +1—1)). 


Next, for a given vector i= (A1,...,Ar1), wherein each A, is an integer 
which is a product of distinct primes <D, and 
(4.15) > < E, é=1,...,/—1, 
pia P 
and 
i=1 


we estimate the number of m <n cael (4.9) such that X(m) = 
(possibly none). For such m we have 


(4.17) m + i = 0 (mod Q,), i Pere oo 
so that if there are any solutions they belong to a single arithmetic progression 
modulo (k] = {A1,...,A 1}, the least common multiple of the A,,7 = 1,...,J—1. 
Furthermore, in order that such solutions exist we must have 

(4.18) Aw rAd |i — 7 i#j1<ij<l—1. 
Suppose then that the aforementioned progression is m =a (mod{X]). For 
those m such that X(m) = X which satisfy oe it follows that 





(4.19) S1-2 = -= tes) < 2) < § Go 1425 — 5 220 so0h) 


OO te ee 








rns Ge 


‘ 
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so that for these m, ¢p(m) /m lies in a fixed interval of length 46 which we shall 
denote by J; = I,(X). Thus the number of m <n such that k(m) = X and 
which satisfy (4.9) equals the number of m < n which satisfy 


(a) m=a (mod{i}) 





(b) (ett, 0) .1, i=1,...,1-1;4= []p, 
' p<D 
(c) Sol} € Ih. 


LEMMA 4.2. Given any » > 0, for D fixed sufficiently large, and 6 sufficiently 


small (these requirements are however independent of h), the number of m <n 
such that (a), (b) and (c) hold is less than 


(4.20) cm DT (1 - 1) 2 


Proof. Suppose that the above statement concerning the estimate (4.20) is 
false, so that for infinitely many m, the number of m < mn satisfying (a), (b) 
and (c) is more than 


(4.21) (cn/{k1) TT (1 - i 
p<D P 


Let 21, 22,... be those integers, composed of primes <D, which can occur as 


divisors of an integer m = a (mod fx} and such that (we denote the z, generi- 
cally by 2) 


(4.22) on) = ote) € Ih. 


From (4.16), (4.19) and our assumption 6 < p/3, (4.22) yields 


(4.23) ote) >&. 


Consider the number of m < m such that (a), (b) above hold, and in addition 
for a fixed z, 


(d) m = 0 (mod 2), (#, a) =1. 


Clearly (d) implies (c). 


Delete from A/{x] all prime factors </ and any other prime factors of 2; 
denoting the resulting integer by y. Then the number of m < n which satisfy 
(a), (b), (d) is less than or equal to the number which satisfy (a) and 


(b’) (m +i,¥) = 1, ¢x21,...,4—1 


and 


(d’) m = 0(z), (2, s) = 1, 
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Setting m = vz we have that the number of such m equals 


amy 2, 1= 2D wdeudr).--u@en). Yo 1 


o<n/z ilv o<n/z 
(o.o)—1 i=0,..., i-1 = 0(d.) 
(o2z+ t)=00,) o2+ t=20(d;A;) 
(o2+1.9)—1 1<i<i-1 
1<i<i—1 


Since (d,,z) = 1, (Ay, A,)|¢ — j, and the primes which divide y are >/, we see 
that the system of congruences 























v=O(d), vz +2 =O0(dA,), l<i<¢l—-1, 
has solutions if and only if 
(4.25) (d,,d,) = 1, and (z, A,)|i; t#j, O<t4, j<l—l. 
Furthermore, if (4.25) holds we have, since (d;, A,) = 
n 1 
l= - O(1 
o<n/2 * Sa ai di1, Ai-1 +o) 
oot ene(a.hs) - (2, 1)’ °°" (@, Ava) 
1<t<i-1 
n 1 
= O(1). 
2dod,... di {a Ai-1 + ( ) 
(z, Ax)’ °°” (, Ava) 

Inserting this in (4.24) we get 

n | 1 u(do) .. . w(di-s) 
4.26 M=- 1). 
( ) Z o_o p> =. ..tbo + O(1) 

meee Cnt) hams Toes 
Since 
u(do) . . . w(dis) we) re) (1 i) 
-- 
aw do... dy-1 "ie IT\! p 
(dy .dj)=1 
0<i, jg 1-1 


and from (4.15), (4.23) 


i 
Il (1 + ‘) <e*", 


( ; 
5 3) 
is) <(2 : 


(4.26) yields (since (z, d,)|4) 
M< «(2) en (n/e{xl) TI (1 “ 1) 
p<D p 
or 


(4.27) M < cr(n/e{d}) T] (1 _ ry 


p<D 
where c; > 0 is independent of D. 
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(4.27) together with (4.21) implies 
1 1 c 
4.28 — ( _ 1) =. 
. ) » Ze IT p - Cr 


On the other hand, the number of m < nm such that (d) holds for some z 
is, for large m, greater than or equal to 


n 1 1 C3 

using (4.28). Since for these m, ¢p(m)/m lies in a fixed interval J, of length 
45, we see that for at least c3n/4c7 of these m, ¢(m)/m lies in a fixed interval of 
length 86 (if D is large enough). Since c;/4c7 is independent of 6 (and of D), 
this would contradict the continuity of the distribution function of ¢(m)/m. 
Thus the lemma is proved. 

Finally then, letting T denote the number of m < n which satisfy (4.9), 
(4.11) and (4.14), we have 


T<mTI (1 - Ny ay. 


psb 
Since 
—_ ( ) i-1 
> [A] < Cs 2. x 
' 1 i-1 
< Cs I] (1 + 1) ’ 
p<D p 
we have 


T < Conn. 


But for » sufficiently small, cyy < A?/128, so that we obtain a contradiction, 
and the proof is completed. 
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ON EXPLICIT BOUNDS IN SCHOTTKY’S THEOREM 
J. A. JENKINS 


1. Introduction. To Schottky is due the theorem which states that a func- 
tion F(Z), regular and not taking the values 0 and 1 in |Z| < 1 and for which 
F(0) = ao, is bounded in absolute value in |Z| < r, 0 < r < 1, by a number 
depending only on a» and r. Let K(ao, 7) denote the best possible bound in 
this result. Various authors have dealt with the problem of giving an explicit 
estimate for this bound. Qualitative estimates were given by Landau (2) 
and Valiron (7) and numerically evaluable estimates were given by Ostrowski 
(4), Pfluger (5), Ahlfors (1), Robinson (6), and Hayman (3). In this paper 
we shall develop a simple method of obtaining such bounds. The bounds 
obtained are, in various situations, superior to any previously given. Our 
approach will be seen to be closest in spirit to that of Robinson. 


2. Preliminary remarks. Our method depends initially on a simple applica- 
tion of the theory of subordination, a feature which it shares with most earlier 
methods (a notable exception being that of Ahlfors). Indeed it is clear that 
the maximum is attained for the function F)(Z) mapping |Z| < 1 onto the 
universal covering surface of the finite W-plane punctured at 0 and 1 and 
taking the value a») at Z = 0. 

The function Fo(Z) maps a domain D in |Z| < 1 bounded by three arcs 
of circles orthogonal to |Z| = 1 and with Z = 0 in its closure in a (I, 1) 
manner onto a half plane {JW > 0 or SW < 0 with ap in its closure. Then a 
suitable branch of w = log Fo(Z) + ri maps D(1, 1) onto the strip —4r < Sw 
< 0 or 0 < Sw < = in these respective cases. Let |Z| < 1 be mapped onto 
Rz > 0 in the following manner. In the first case let the sides of D correspond- 
ing to 


Sw = 0; Jw = — , Rw > 0; Jw = — 2, Rw < 0 
go into the sets 
32 = 0, Re > 0; Jz = — x, Rez > O; |z — fai] = Fx, Rz > O. 


In the second case let the sides of D corresponding to 
Sw = 0; Iw = z, Rw > 0; Jw = «, Rw < 0 
go into the sets 
Sz = 0; Re > 0; Je = x, Mz > O; |z — fai] = 4x, Re > O. 


Denote the image of D by A. Let the mapping function be Z = Z(z) and let 
us denote the function Fy(Z(z)) by f(z). Evidently log f(z). + ai (with the 
choice of a suitable branch) maps the union D of A, its reflection in the real 
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axis and the positive real axis onto the strip —x < Sw < and carries the 
semi-circular arc |z| = x, Rz > 0 into the segment Rw = 0, —x < Qw < x. 

Further let ¢ = e~*, w = e”. It is verified at once that the composed 
mapping w = ¥({) carries a subdomain E of |f{| < 1 having the origin as a 
centre of symmetry into the w-plane slit along the negative real axis to the 
left of —1. We observe that ¥(f) = — (f(z))~' where ¢ = e~*. Let [ = $(w) 
be the function inverse to y. 

Let the point z = b correspond to Z = 0. We will make use of the important 
remark due to Robinson that the maximum of |F(Z)| on |Z| = r is attained 
on the intersection of this circle with D. The image of |Z| < r lies in the half 
plane Rz < (1 + r)(1 — r)~'Rd so that K (ao, r) is not greater than the least 
upper bound of |f(z)| when z lies in the intersection S of D and Rz < (1 + r) 
(1 — r)—' Mb. 

With this formulation Hayman’s Theorems I and III (3) reduce almost to 
trivialities. Indeed |y(¢)/¢| > 1 while the set |w| < 1 corresponds to a domain 
containing |{| < e*, thus either |w| > 1 or |y(¢)/¢t| < e*. Thus for z in S 


(1) log | f(e) | < 5+ we, 


while if |f(6)| < 1, Rb < w and if |f(b)| > 1, 
Rb < log |f(d)| + x. 

Denoting » = max{1, |f(d)|] we have 

(2) Rb < log wp + x; 

combining this with (1) we get 


log | f(s) | < {== (log ut), 
that is, 
K (ao, r) < (ue”) “tO”, 


which is Hayman’s Theorem I. 

Let us impose the additional restriction |f(b)| = e~*, 6 > 0. We verify at 
once that (f(?/z))~' has the same mapping properties as f(z). Thus Rt2*b-'> 
log |f(6)|-' = 6. Evidently then ®b < x?/6 and by equation (1) for z in S 


log | f(@) | < SAH, 


r 





that is, 
K(ao,7) < exp * iin), 


which is Hayman’s Theorem III. 

The examples constituting Hayman’s Theorems II and IV can be given just 
as simply in an explicit geometric manner. It should be remarked that at one 
point Hayman actually constructed mappings corresponding to ¢ and ¥ above 
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but his proofs are greatly complicated by the unnecessary introduction of 
hyperbolic measure. 

We can also obtain at once the asymptotic behaviour of K (do, r) for fixed r 
as |ao| approaches ~. Indeed, setting up the chain of mappings U = V’, 
w = 4V(1 — V)-*, ¢ = o(w), — = £, we see that the mapping from |U| < 1 
to the é-plane is just that given by ¢ = ¢(w) from |w| < 1 to the ¢-plane, i.e., 


— = $(U) and 
, _5.( 4! yy 

o(U) = 1 tor f- 
Inserting the power series 

@(U) =4U+e,U? +... 
in this functional equation, we can calculate all its coefficients. In particular 
¢; = 16c;?, thus c,; = 1/16. From this we derive readily the asymptotic 
behaviour due to Ostrowski (4) 

K (ao, r) ‘ies | teats staid 


which, in fact, holds uniformly in r. 

Now Robinson obtained not only the asymptotic behaviour but also uni- 
versal bounds which imply the asymptotic result and which, indeed, for cer- 
tain values of |ao| are better than Hayman’s. In the next section we turn to 
the consideration of this question. 


3. Bounds in Schottky’s Theorem. We decompose the mapping w = y(¢) 
into two stages, first mapping E by a function 7 = x(f) onto |y| < 1 so that 
x(0) = 0, x’(0) > Oand x(e-”) = mo, say. Let the inverse function be ¢ = 0(n). 
Second we map |n| < 1 by the function w = A(m) = 4n(1 — 9)~ onto the 
w-plane slit along the negative real axis to the left of —1. Clearly ¥(f) = 
A(x(f)) and A(mo) = — (f(b))-'. Note that \’(0) = 4, x’(0) = 4. 

Now, letting |n| = r:, 


thus 
(3) [A(n) |" < u(r +2+ ri) 
<in’ +i. 
Combining this with the evident estimate | x(¢)| > |¢| we have 
WE) <algl +i, 
i.e., for zin S 
If (=) | < 4 fexp (ats) JOPP™ + 
using the estimate (2) we obtain 
K (ao, 7) <3 (ue") HPP 4. 2 


a bound better than Hayman’s in all cases. 
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This bound is not asymptotically best possible. To obtain such a bound we 
note that 6’(0) = 4 and that @(») is an odd function. Thus 


lA(n)| < er, 

and 
1@(m)|-? > 4077? — 1). 
Combining this with (3), 
IA(m)I-* < 2(4/0()|-* + 2r1) + 4 

< 16-/6(m)|-' + 1; 
that is, for z in S, 
(4) If(e)| < 16 fexp(atb)}°F"/"” + 1. 


We want now a corresponding bound for exp(9d). For this set |no| = 


and note 
Aro 


|X (no) | < (1 — %)°’ 


that is, 


Lite < 4|\(m) 7 


On the other hand 
0(n)| >a Tr , 
so that 
. 1 ; 
om)" <4 
Hence 
exp(Rb) < 16|f(5)| + 8. 
Combining this with (4) we obtain 
K (ao, r) < 167*(16]ao| + 8)°*?/-” + 1. 


This bound is not only asymptotically best possible but in a universal bound 
of the form 
K (ao, r) < A(B\ao| + C)°*?/""” + L, 
the quantity B cannot be smaller than 16. If B = 16, A cannot be smaller 
than 1/16. If B = 16, A = 1/16, C cannot be smaller than e* — 16 (between 
7 and 8). In the estimate (4) the additive term 1 could not be replaced by 
anything smaller than 15/16. 
We collect up these results and state: 


THEOREM 1. Jf K (do, r) denotes the best possible bound in Schottky's Theorem 
for functions F(Z) with F(O) = ao and if » = max [1, |ao|] then 


K (ao, 7) < i (ue") SAPO + §, 
K (ao, r) < v6 (16|ao] + 8)°*?/O-? + 1. 
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The second bound is much the better except for |ao| near 1 and r fairly 
large. It is clear that numerous other bounds could be obtained by combinations 
and modifications of the above estimates. Further, a small improvement of 
the constant 1 in (4) can be obtained by using the fact that @(n) is a bounded 
function. 


4. A bound in Landau’s Theorem. Suppose that F(Z) is regular for 
|Z| < 1 and does not take the values 0 and 1 and that 
F(Z) =ao+a,Z2+... 
is its Taylor expansion about Z = 0. Landau’s Theorem states that |a,| has a 
bound depending only on ad». Hayman (3) gave the explicit bound 
lay] < 2|ao| { |log|ao|| + 5x}. 


We shall show that the constant 5 can be notably reduced using the approach 
presented above. 
We observe first that obtaining a bound of the form 


|ax| < 2|ao| {|log|ao|| + K} 
it is enough to confine ourselves to the case |ao| > 1, |ao — 1| > 1. Indeed, if it 
is proved in this case and we have |F(0)| > 1, |F(0) — 1| < 1, we consider 
the function #(Z) = F(Z)/(F(Z) — 1). For it 
|®(0)| = |F(0)/(FO) — 1)| > 1, 
|@(0) — 1] = |F) — 1} > 1; 
thus 
|®’(0)| = |a:/(a@o — 1)?| < 2\ao/(ao — 1)| {|log|ao/ (ao — 1)|| + K}, 
that is, 
|ai| < 2ao||ao — 1|{|log|ao/(a@o — 1)|| + K} 
< 2lao| {|log|ao|| + K — |ao — 1\log|ao — 1| — K(1 — |ao — 1))}. 
Since, for jap — 1| < 1, 
lag — Illog|ayp — 1| + K(1 — Jao — 1|) > O 


provided K > 1, which is necessarily so in the present situation, the result 
is true for all |ao| > 1. Applying a similar argument to the function ¥(Z) = 
(F(Z))— in the case |a9| < 1 we obtain the same bound for all |ao]. 
Now for the function ¢(w) we verify by an elementary calculation 
’ —l, _ Qa’ Rb 
¢'(—a ) = “oe 
Further we have for |w| < 1 the well-known estimate 


bg 11 |o| 
¢ deo| > Joo] 1+ lool” 
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Applying this at the value w = — a,~' we derive 


-1 
ai] < gmt 2\ao|Rd. 


It is clear that this will lead to an advantageous bound for |ao| large. In 
particular, if |ao|/-' < e(1 + «)-', 


las] < (1 + 2(1 + ©)|ao|-)2|ao| Rd 
< 2ao|/ Rd + 4(1 + OE) Mb. 
We recall 
Rb < log(16 |ao| + 8). 


Thus for |ao| > ¢ we have 


lai| < 2laal log lao] + log 16 + log (1 + 


4 4! L 
+-=;¢ +} flog 16 + logit + 2yp}, 


using the facts that x~' log x < e~' and 1 < |ao|/t for |ao| > ¢. In particular 
for |ao| > 2.63 
(5) la] < 2|ao| {log|ao| + 7.77}. 


It remains to find a bound advantageous when |a»| is near 1. Originally we 
used for this an improved version of Hayman’s technique. However we now 
use an improved version of a suggestion by the referee which gives a somewhat 
simpler argument and also a slightly better value of the final constant. 

We first make the trivial observation that if a domain D, in the z-plane is 
mapped conformally into a domain D, in the w-plane by a function w = w(z) 
with the point zo going into the point wo and if the inner radius of D;, Dz with 
respect to Zo, Wo is 71, 72 then |w’(zo)| < r2/r1. Now the mapping constructed 
above from the z-plane to the w-plane corresponds to the maximal value of 
|a,| for given ado, by the majoration principle. Under it the half-plane Rz > 4x 
is mapped into the w-plane slit along the half-infinite segments Jw = (2n+-1)z, 
Rw <0, m running through all integers. Under the assumptions |a | > 1, 
lao — 1| > 1 we have RD > 3'x/2. The inner radius of Re > 2/2 with respect 
to the point b is 2(Rb — w/2). The inner radius of the w-plane slit as above 
with respect to the image of b (namely log ao + i) is 2|1 — ag~*| log 
|2ay — 1 + 2(ao(ao — 1))4|, the radicals being properly determined. The 
derivative of the mapping function at the point z = d is a,/2a9Rb. Thus 


las] < 2(|ao||ao — |)! log |2a9 — 1 + 2{ao(ao — 1) }3|Rb/ (Rd — 2/2). 
Since Rb > 3'x/2 we have for |ao| = t, 1 < ¢, 
as] < (3 + 34)|ao|(1 + £-*)* {log|ao| + log[2 + t-* + 2(1 + ¢*)4]} 
< 2 aol {log|ao| + L()}, 
where 


L(t) = $(3 + 34)(1 + -)? log[2e* + ¢ + 2e(@ + #4] — 2 logs. 
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A direct calculation verifies that L(¢) is an increasing function of ¢ for ¢ > 1. 
Thus for 1 < |ao| < ¢ we have 


lai] < 2\ao| {log|ao| + L(é)}. 
In particular, for 1 < |ao| < 2.63, 

lax| < 2\ao|{log|ao| + 7.77}. 
Combining this with (5) and our earlier remarks we have 


THEOREM 2. If F(Z) is regular for |Z| < 1, does not take the values 0 and 1 
and has Taylor expansion about Z = 0, 


F(Z) =ao+a,Z2+..., 
then 


lay] < 2\ao| { |log|ao|| + 7.77}. 


It should be observed that in an expression of this form the number 2 
could not be replaced by any smaller number. We have replaced Hayman’s 
constant 5x by 7.77 which is less than half as big. Our earlier method gave the 
constant 8.58. 
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ON REGIONS OMITTED BY UNIVALENT FUNCTIONS II 
A. W. GOODMAN anp E. REICH 


1. Introduction. Let S denote the family of functions f(z) regular and 
univalent in |z| < 1, with the expansion f(z) = z + aa? +... about z = 0, 
and let A, denote the area of the intersection of the open circle |w| < 1 with 
D,, the image of |z| < 1 under f(z). A few years ago one of the authors (1) 
proved that if 


(1) A = inf {A;} 
yeS 

then 

(2) 500007 < A < .7728r. 


Recently Jenkins (2), by a rather ingenious application of circular sym- 
metrization, improved the lower bound for A to 


(3) 53879 < A. 


By introducing only a slight change in Jenkins’ work we obtain a still 
better lower bound, namely 
(4) 622 < A, 


and at the same time we generalize Jenkins’ result on the maximal length of 
arc on a circle |w| = r left uncovered by Dy. 


2. Values omitted by functions in S(s). This section is devoted to proving 
the generalization just mentioned. Let s be the distance from the origin to 
the boundary of Dy. It is well known that } < s < 1 and that the extreme 
values correspond to the unique functions f(z) = z/(1 + e“*z)*, and f(z) = 2, 
respectively. If we form the set S(s) of all functions of S corresponding to a 
given fixed s, then as s runs from } to 1 the sets S(s) will exhaust S. 


THEOREM 1. Let f(z) € S(s), } < s < 1 and let L(r, s) be the length of arc 
of the circle |\w| = r not covered by D,. If 


(6) s<r<s/(2st — 1) 
then 
(7) Lir, s) < 2r cos— (4st — 1 — r (8 — 4s~4)) = G(r, 5) 


and this inequality is sharp in both variables. 


Received February 23, 1954. The results presented in this paper were obtained independently 
and almost simultaneously by the two authors. Their results were identical up to and including 
equation (25), where it becomes necessary to estimate the maximum of the transcendental 
function defined by equations (24) and (25). Goodman obtained A > .6028x, while Reich 
by a suitable transformation, equation (27), and considerably more computation achieved 
A> .62x. In the case of Reich the work forms part of a Ph.D. thesis supervised by Professor 
E. F. Beckenbach at the University of California, Los Angeles. 


83 











84 A. W. GOODMAN AND E. REICH 


Remarks. It is clear that if r < s, then L(r, s) = 0, and it will develop in 
the proof that if r > s/(2st — 1) the entire circle |w| = r may be omitted. 
In the range (6) the function 


(8) a(r,s) = 4st — 1 — r(8 — 45-4) 


satisfies |a(r, s)| < 1, and the principal branch of cos! is to be used in (7). 
In the special case r = s, (7) becomes 


(9) L(r, r) < 2r cos—(8r? — 8r — 1), 


a result obtained by Jenkins. The bound (9) is valid for all functions of S, 
but equality can occur only if r = s, since ¢(r, s) is an increasing function of s 


foreachrin}<s<r<l. 


Proof. We begin by constructing an explicit conformal mapping. Consider, 
in the ¢-plane, the domain D bounded by |{| = 1 together with the two por- 
tions of the real axis {1 = — p1 < § < — land 1 <¢< ©, and distinguish 
the point {> = — po (po > pi > 1) within this domain. The function 7 = ¢ + 
¢-! + 2 maps this domain on the 7-plane slit along the real axis from 4 = 
— (pi1t+ p17! — 2) <0 to +. The point {> goes into mo = — (po + po! — 2) < m. 
The function W = (» — m)! (taking the positive determination on the upper 
side of the positive real axis) maps the preceding domain on the upper half 
W-plane, mo going into W> = i(m: — 0)*. Finally sz = — (W — Wo)/(W —W») 
maps the latter domain on |z| < 1, Wo going into z = 0. An elementary 
calculation shows that 
(10) dg - 4po(po — 1) ae 4po0'(p1 — 1)" 

dz| .—0 po+ 1 pi(po — 1) 

On the other hand the function Z = po({? + pof)/(pof + 1) maps D on a 
domain D* bounded by an arc on |Z| = po placed symmetrically with respect 
to the positive real axis, together with the portivns 





> 0. 


Z, = wile — Pe Ze 
popi — | 


of the latter. The point {) goes into Z = 0. By an elementary calculation 
dZ 








Finn ™ po (po — 1). 
As a function of z, Z maps |z| < 1 on the domain D* and 
dZ 4po° 4po'(p: _— 1)’ , 
— = Sg a i oe KK. 
(11) dz\.0  (po+1) pi(po — 1)° 





Thus the function w = Z/K belongs to S(s), where 


(12) ¢ = Zt — 1 (oo — 1)" 
K ~ 4p0'(pop: — 1)?* 





ct 
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It maps |z| < 1 onto a domain D(r, s) bounded by the portion s <z< @ 
of the real axis and an arc of the circle |w| = r, placed symmetrically with 
respect to the real axis. An easy computation yields 





2 2 
= 1) 
13 r= Be px (bo ; 
(13) K ~ 4pe' (pop: — 1) (po — pr) 

To determine the length of arc on |w| = r on the boundary of D(r, s) we 
note that the end points of the arc in D* are the images of the points on 
\¢| = 1 where dZ/dt = 0, i.e., the solutions of pot? + 2¢ + po = 0. These are 
the points ¢ = (—1 + i(po? — 1)*)/po and their images are 


Z = (po? — 2 + 2i(po? — 1)4)/po. 


The angle subtended by this arc is @ = 2 cos~'(1 — 2/po”) (the principal 
branch of cos! being used). It remains to determine po as a function of s. 
Solving equations (12) and (13) simultaneously, yields 





1/4 
‘ s 
(14) po = 9, — sts? — 1p)” 
and 
jn £°(z — \! 
(15) aon, 9); —1] at . 


The conditions } < s < 1, s < r required by the domain D(r, s), imply that 
2r — st > O and 2st — 1 > 0, so that (14) and (15) determine positive values 
of po and p;. The construction of a function mapping |z| < 1 onto D(r, s) can 
be effected in the manner described if po and p; determined by (14) and (15) 
satisfy 


(16) po > p> i. 
The condition p; > 1 leads from (15) to the equivalent condition 
(17) (r — s)\(r +s — 2rs) > 0, 
and the requirement that po > p: yields 

s*(r +s- 2rs*) 
r((2r — s*)(2s* — 1)) 


and since the other factors are positive, both (17) and (18) are satisfied if and 
only if 
(19) r+s—2rst>0. 





(18) a fh 71> 0, 


This yields the right side of (6) and also gives 
(20) s > 2r? — r — 2r(r? — rj. 


This last expression coincides with the lower bound given in a theorem due to 
Pick and Nevanlinna (proved again in (1)) whereby a bounded function 
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\g(z)| <r, g(z) € S, cannot omit a point with modulus less than the left side 
of (20). This shows that if r > s/(2st — 1) then the entire circle |w| =r 
may be omitted by f(z). 

We have thus shown that if r and s are given, subject to the restriction 
(6), and 4} < s < 1, then (14) and (15) determine pp and p; satisfying (16), 
and the function f(z) mapping |z| < 1 onto D(r,s) can be constructed as 
described. For this function the arc omitted on |w| = r has length 


2r cos~!(1 — 2/po?) 


and using (14) this yields ¢(r, s), the left side of (7). 

The proof that ¢(r,s) is a maximum for L(r,s) in the class of functions 
S(s) is almost identical with that given by Jenkins (2), in the special case 
r = s, and hence will not be reproduced here. 


3. A lower bound for A. We now apply Theorem 1 to obtain a new lower 
bound for A. We consider the various subsets S(s) of S and (with the notation 
of §1) set 


(21) A(s) = inf {Aj}, 
seS8(s) 
and hence 
(22) A = inf {A(s)}. 
$<s<1 


Let B(s) = x — A(s), then by Theorem 1 


el 
(23) B(s) < B’(s) = J o(r, s) dr. 
This integral can be evaluated in terms of the elementary functions: 
(24) B*(s) = F(a, B, 1) — F(a, 8, s) 
where 


(25) F(a, B, r) = a~*{ (a*r? — B? — 4) cos“! (ar + 8B) 
+ 3(38 — ar)(1 — (ar + B)*)4}, 


where a = 4s-? — 8 and 6 = 4s? — 1. All that remains is to determine the 
maximum value of B*(s) for s in the interval (4,1). This, unfortunately, 
leads to a transcendental equation and we are forced to make a dull and 
detailed set of computations to secure a valid numerical bound for B*(s). 

A table of B*(s) partially reproduced at the end of the paper, seems to 
indicate that B*(s) < 1.18 < .376x, which would imply (4). To prove (4) 
it is however sufficient to show that 


(26) B*(s) < 1.19 < .382. 


The proof of (26) involved a great deal of tedious computation, but, briefly, 
was accomplished as follows. 








ns 
ise 


yer 
on 


ly, 
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In (23) change the variable of integration from r to ¢ where 
# = 1 — 2st + 7(4 — 2s) = ${1 — a(r,s)} > 0. 


Also put & = 2s! — 1. As a result of these transformations we can write 
2 bald) 
(27) B’(s) = Gt) = aan (E+) t sin at 
E 


where 0 < — < 1 for } < s < 1, and 


_ (3- a) 

v(é) = ( i¢t/’ 

The formula (27) was found convenient for estimation because of the convexity 
properties of y(¢) and the inverse sine. The next step was to find bounds 
for AG(é) = G(é + At) — G(é) as a function of — and Aé, useful for small 
|Aé|. This is a straightforward task, starting from (27), but we do not reproduce 
the result here as it is quite complicated and uninteresting. The last step of 
the procedure was to evaluate G(£) at a series of about forty unequally spaced 
mesh points {£,} in [0,1], and to apply the upper bound that had been 
obtained for |AG()| to show that G(£) did not exceed 1.19 in any interval 
(E:, € 441). 





4. A supplementary remark. The upper bound on A stated in (2) shows 
that there exist f € S which omit an area 


(28) a — A;> .7137 

in |w| < 1. Let S be the subset of S for which (28) holds. We now prove 
Tueorem 2. f € S implies that D, contains the circle |\w| < .295. 
Proof. We show that G(é) < 0.7135 for 0 < — < 0.0868. 


Since 


sin~ y(£) ‘ 


+ =] 
aes y(é) ’ 


0<t< vf), 
we have, using (27), 


52k 7(&) _ -—1 
7+é 
5 











< sin~*y(é) < 0.7135, 


if— < 0.0868. 


Coro.tiary. If there exists a function g € S for which A, = A, then D, 
contains the circle |w| < 0.295. 
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$ B*(s)/x A*(s)/e = 1—B*(s)/x 
25 .00000 1.00000 
.30 .22639 .77361 
35 .29716 -70284 
.40 .33799 -66201 
45 .36164 .63863 
.50 .37305 .62695 
55 .37457 .62543 
.60 .36741 .63259 
.65 .35218 .64782 
.70 .32908 .67092 
75 .29806 -70194 
.80 .25881 .74119 
85 .21081 .78919 
.90 .15315 .84685 
.95 .08425 .91574 
1.00 .00000 1.00000 
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CONVOLUTION TRANSFORMS RELATED TO 
NON-HARMONIC FOURIER SERIES 


D. B. SUMNER 


1. Introduction. Widder has pointed out (2, p. 219) in connection with 


Wiener’s fundamental work on the operational calculus (1, pp. 557-584), that 
the convolution transform 


(1.1) fe) = J Ge-) oat 
will be inverted by the operator DE(D), where D = d/dx, and 


1/wE(w) = | exp(—xw) G(x) dx, 


where a suitable interpretation must be found for E(D). Cases where E(w) is 

entire have been considered by Widder (2, pp. 217-249; 3, pp. 7-60), Hirsch- 

man and Widder (4, pp. 659-696; 8, pp. 135-201), and the author (5). 
The most general method of interpreting E(D) is as lim P,(D), where 


nao 
P,,(w) is a polynomial of degree n, the method requiring a knowledge of f(x) 
only for real values of its argument. However in cases where more is known 
about E(w) (4, p. 692; 5, pp. 174-183; 6, p. 219), it is possible to represent 
E(w) as an integral, when the computations are simpler, but it is necessary to 
have f(x) defined for complex arguments. 

The purpose of this article is to consider convolution transforms for which 
the invertor function E(w) is entire, is not necessarily even, and can be 
represented by a Fourier-Lebesgue integral. The real numbers which are 
taken to be the zeros of E(w) are a generalization of the non-harmonic Fourier 
exponents discussed by Levinson (7, pp. 47-57). The classical Stieltjes trans- 
form (3), and the generalized form of it (5), are particular cases. The assump- 
tions made about the zeros of E(w) are sufficient to establish all properties 
needed, and no integrability condition is postulated for E(u). 


2. Definitions. We suppose throughout that 


(2.1) A. = ptn— b+ Bay, uw, = nm — 6 + 2658, (se = 1,2,...), 
0 < ay, 8 <1, 0 <6 < i, 0<p<1— 26; 
(2.2) E(w) = |] (1 — w/ra)(1 + w/a); 
c+iR 
» (2.3) G(z) = lim ni f exp(zw) dw/wE(w), 0O<c< A. 
Roa c—iR 


The symbols A, A; denote absolute constants throughout. 
Received September 12, 1952; in revised form July 15, 1954. 
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3. Some properties of E(w). The numbers A,, u, are those used by Levinson 
(7, pp. 47-57) in his work on non-harmonic Fourier series. With the notation 

= u + w= rexp (id), Levinson’s methods may be used to establish the 
following inequalities: 


(3 1) |E(w)| < A exp (x|p|)/re*!-*, (r > 1); 
(3.2) |E(w)| > A exp (x|v|)/ret!-“, provided that 

(3.21) r>1, |jw-—,7,) >A>O, 7, = A, OF —p,; 

(3.3) |E’(r,)|-! < Areti+ss; 


(3.4) there exists a constant q,1 <q < 2, such that E(u) € L*(—o, @). 


For the behaviour of E(w) along the imaginary axis, we establish the more 
precise inequalities 


(3.5) |E(i)| < A exp(x|p|)/|o|**!-**, |E(av)| > A exp(x|n|)/|o|ot****; 

(3.6) lamp E(iv6)/E(iv)| < A(1 — 8), 

where 0 < @ < 1, and the constant is independent of v; 

(3.7) |E(iv0)/E(iv)| is a decreasing function of \v|,0 < @ < 1. 
Proof of (3.1). Let R(w) > 0, and N be the integer defined by 

(3.8) (0+ N —}) cose <r < (9+ N + }) cos 9. 


On considering separately the factors in (2.2) for which 1 C n < N,n = N 
and n > N + 1, as Levinson does, we get 

; Tio +N +14+5)To+N+1—-6-w) 
Bo) lew) < |ROtR ATED Tet Atos w) 

| P(p + 1 — 8) (1 — 3) (Ay — w) 
“IT +1—6—w) TU —é6+w)(p +N —6 —w)!' 

By Stirling’s theorem the first factor in (3.9) does not exceed 
(3.10) Ai(p + N — 3)*/|lp+ N+1—6 — w|*; 


while the second factor does not exceed 








A: | (Ay — w) sinx(w + 6 — p)| 
(3.11) ye ti-28 x(w + 5 a N Ker p) . 


Now when |w + 6 — N — p| < 3, |sin x(w + 6 — p)/x(w + 6 — N — p)<Asz; 
and by (2.1), |Ay — w| < 1. When |w + 6 — N — p| > }, |sin r(w + 6 — p)i< 
A,exp(x|v|), and |(Ay — w)/(w + 6 — N — p)| < 1 + 2iay/|w + 6 — N—p| 
< 2. Thus in all cases the second factor in (3.9) does not exceed 
(3.12) A sexp(x|v|) /ret!-*?. 

We prove now that 


(3.13) bd{|p + N+ 1 — 6 — w\ cos ¢} > 0. 
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For by (3.21), (3.8), when 0 < |¢| < x/4, 


lp+N+1-—8—wlcos¢>24*(p+N+1-—5-—4u)> 
24[(0 + N + 4) sin’s + 4 — 6] > 244 — 8); 
and when 2/4 < |¢| < «/2, 


lp +N+1-—6—w\cos¢> (o+N+1—6—u)/(o+ N +4) 
> sin’ + (} — 5)/(o + N + 4) >}, 
by (3.8) and r > 1. 
From (3.9), (3.10), and (3.12), 


|E(w)| < Ac(p + N — $)™exp(x|v|)/ret!-*4|p + N+ 1 — 6 — w|*, 
< Aq™exp(x\v|)/r°t'-** {|p + N + 1 — 6 — w| cos o}*, 
< Agexp(x|p|)/ret'-* 


by (3.13). This proves (3.1) for R(w) > 0; and the assertion is seen to be 
true for R(w) < 0 by applying the same argument to E(—w). 


Remark on the proof of (3.4). Levinson’s method may be used to show that 
when p+ N <u < p+ 2N, 


Apo 2N | +n —i+a, —4— 91 28 
(3.14) |E(u)| < Sere 


(9 +2N+1—u)™ p+n—-b—u-2% 








e+2n 

(3.15) f |E(u)|“du < Ay/Ntt?-** 
p+N 

provided that 

(3.16) 0 < 295 < 1. 

If in addition 

(3.17) q(p + 1 — 26) > 1, 


it follows from (3.15) that E(u) € L(0, ©). The final conclusion follows by 
considering E(—) in the same way. 

It is evident that there always exists a number gq, 1 < q < 2, satisfying 
(3.16) and (3.17), for example g = (1 — A)~', where 26 < A <1 — 28. 


Proof of (3.5). Since 
iv iv qv 1v 
(1 - #5 )(1+-%))| < (1 -#)(1 +2) 
1v 1v 
< (1 -—#—)(1+-*,)| : 


< |E(@)| 








it follows that 


| P(p +148) P(1 +8) 
Tip +1+6 —w) (1 +6 + w) 








I'(p + 1 — 8) r(1 — 8) | 
(oe +1—s6—w)T(l—6+)|’ 
and (3.5) then follows from a classical property (9, p. 259) of the I'-function. 





<| 
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Proof of (3.6). We give details for the case v > 0. Writing 
on = amp{(1 — 100/A,) (1 + 100/u_)/(1 — iv/Aq)(1 + t0/un)}, 


and using the inequalities for A,, u, and p in (2.1), we have 


1— #6 1 — 0) uw 
o, = arctan( 2 = #) ds) - arctan( 2, = 9) #2) . 








o(1 — @)(o + n+ ») a (x4 — 0)(n - s)) 
< arctan v6 + C+o- Th arctan v6 + dss +6) . 


v(1 peti a) 7 (*4 =e — 9) 
< arctan( v6 + a — 5) arctan v6 + (n +5) . 

outebihie v(1 — 0) {v9 + m*(1 + 45) + 2nd(1 — 25) + 3°} 

= arctan 16 + (m — 6) [ve + (n +8) ) +01 — 0) (mn +1 — 8) (nm — 8) 
On observing that 











0 < v9 + m2(1 + 45) + 2nd(1 — 25) + 5% < 2[v°9 + (m + 8)?], 


we see that ¢, < arctan{2v(1 — 6@)/[v@ + (m — 5)*]}. A similar argument 
applied to —¢, gives 

—¢, < arctan{3v(1 — 0)/[v?@ + (m — 6)*]}; 
and thus 

ld,| < arctan{30(1 — 6)/[v7@ + (nm — 5)?]}. 


It then follows easily that |amp[E(iv@)/E(iv)]| < A(1 — 6), the constant 
being independent of v. 


Proof of (3.7). Let A be the region consisting of the w-plane from which 
the points » = 0, |u| > 1 — 6 have been removed. Then the series 


¥ ("5 - xe): ¥(*5- me) 


Bn 








converge absolutely and uniformly in any compact subset of A, and 


d £0 | . be tS _ Sat. 008 
de | ae -id o R+00 


a Bit) | vaz(1 — 6°) oui(1 — 6°) |<o 
J oe Fs — BL HT + Et Hate) 


It follows that |E(iv@)/E(iv)| is a decreasing function of ||. 











4. Representation of the operator. Let » be the index conjugate to g, so 
that p > 2. By (3.4), the function 
(p) 


k(y) = lim (2x)? J 2) exp(—iny) du 
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exists and belongs to L?(—@, ~). On considering the contour integral 
fE(w) exp(—iyw) dw taken round the boundary of the semi-circular disc 
|w| < R, v > O, we see that the part of the integral taken round the arc of the 
semi-circle is O(R-*), (R— @) when |y| > x, where 8 = p+ 1 — 46 > 0 in 
(3.1). Thus 


(4.1) k(y) = 0 p.p. in |y| > «. 
Since E(u) is continuous 


(42) E(w) = lim (2x) J rou — |y|/R] exp(iuy) dy, 


= (2n)+ [ b(y) expliny) dy, 
and k(y) © L?(—z, x) by (4.1) and p > 2. 


It is easily seen that for complex w, the integral 


(22)* [ k() expliyw) dy 


defines an entire function, and by (4.2) we may write 


(43) E(w) = (2x) [- k() expliyw) dy. 

In proving the inversion theorem we shall make use of the function E(6w), 
0 < @ < 1, for which we prove 
(4.4) |E(6r,)| < A(1 — 4)r,, 


where r, stands for d, or —u, and the constant is independent of n. 
Let m(y, a) = exp(—iyaé) — exp(—iya). Then for |y| < x, and 0 < @ < 1, 


im(y, «)| = |a| < tla|(1 — 6); 


vi 
f exp(—tla) dt 
i 
by the Schwarz inequality. 


With the usual interpretation of exp(aD) as a shift operator, we have 
formally 


DE(D) f(x) = lim DE(6D) f(x), 








ll 


lim (2x) [k() expliy@D) dy’), 
61 —r 


lim (24) f k(y) f' (x + iy6) dy. 


651 


We therefore define the operation DE(D).f(x) by 


(4.5) DE(D).f(x) = lim (2x) f k(y) f(x + iy6) dy. 


5. Properties of the nucleus. Denoting the strip |y| < of the z-plane 
by B, we prove the following propositions: 
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(5.1) the integral (2.3) defining G(z) converges absolutely when z € B, converges 
uniformly when z belongs to a compact subset of B, and therefore defines a function 
analytic in B; 


_ fl + Ofexp(—xu:)], (x © in B), 
= — Seams (x—> — @ inB); 
x , a Ofexp(—xy1)], (x— @ in B), 
_ —* {Olena (x—+ — @ in B); 


(5.4) when 29 € B, there is a constant Ro such that the integrals 


“®!d Giz —t) d Gz —*)| 
s. dt G(z — t) a, J \dt G(zo — t)| a 


converge uniformly when z belongs to any compact subset of B. 


Proof of (5.1). By (2.3), (3.2), 


1 c+ to d ies) ; 
J. exp(ne) de < Ayexp(cx) ) JE expt-y-( — e)|v|] dv 











< Azexp(cx), 
since |y| < x in B. This inequality is sufficient to establish the assertions of 


(5.1). 


Proof of (5.2), (5.3). On account of the classical properties of Dirichlet 
series it is sufficient to show that 





. 1 — >> exp(—2un) /inZ’(—sn), (x > 0, |y| < ), 
(5.5) G(z) —_ 2 1 





_ ¥ exp(zdr,)/AnE (An), (x < 0, ly| < nm), 
1 


the Dirichlet series converging absolutely in the indicated regions. 

Details are given for the case x <0. Designating the points c — iR, 
c+ Rceot 8 — ik, c+ ReotB+iR and c+iR by A, B, C and D re- 
spectively, where 0 < 8 < 4x, let L be the contour formed by the linear 
segments AB and CD and the circular arc |w — c| = R joining to B to C. 
Consider 


I= f expew) dw/wE(w). 
L 


By using (3.2) and x <0, 0 < 8 < 4x, |y| < x, and estimating the integrals 
along AB, BC and CD separately, we see that J = o(1) as R- . The 
second equation in (5.5) then follows from the definition of G(z) and the calculus 
of residues. 


Proof of (5.4). When x # 0, G(z) is represented by the absolutely conver- 
gent Dirichlet series (5.5), and it is well known that functions so defined 
can have but a finite number of zeros. Since zo is given, and X; < x <X» 
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in the compact subset of B, we may choose Ry so that G(zo — #) does not 
vanish for |t} > R. It then follows easily that 


|4 Gie—1t)| _ 4 Olexo(on) (t—» — @), 
dt G(zo = t) Ofexp[—?t(A2 = Ax) }} (f+ o), 


where the constants are independent of z. These estimates are sufficient for 
the proof. 





6. Properties of the transform. The following theorem gives properties 
of the functions f(x) and ¢(¢) in (1.1) which will be used later. 


THEOREM I. Let ¢(t) € L(O, R) for any R and be such that the integral 
(1.1) converges for at least one z in B, and let $(t) = Sio(u)du: then 
(6.1) the integral (1.1) converges for all z in B, and defines a function analytic 
ppg o(exp fA,) (t ) 
1 — @), 
(6.2) ei a — ta) (t+ — ©), 
for any positive A. 


Proof of (6.1). On account of (5.4), the method of Widder-Hirschmann 
may be used (4, pp. 691-692). 


Proof of (6.2). It follows from the representation (5.5) of G(z) for x # 0 
that G(z) and G’(z) have at most a finite number of zeros. Let A be a positive 
number such that neither G(z) nor G’(z) vanishes for |x| > A. To prove the 
first assertion, define y(t) = fiG(-A — u)d&(u). Then by hypothesis, 
¥(@) is finite, and 


@(t) exp(—tr,) 


exp(—?A1) f avmy/e(—a —u), 


v(t) ‘¥(u) G(—A—u) du 
exp(— in) gt, - fH Aaa tI, 
= o(1) 
as t— @ by I’Hopital’s rule, and (5.5). 
To prove the second assertion, write y(t) = fiG(aA — u) d(u); and in the 
same way, ®(¢) exp(tA) = o(1), (t(— — ©). 
It is convenient at this point to establish some properties of the function 


(6.3) K(x, 0) = (2x) f k(y) G’ (x + iy) dy. 
These properties are: 

. _ J(1 — @) Ofexp(—xu1), (x @), 
(6.4) nO G — 6) Ofexp(xa:)], G-~- — @), 
with similar estimates for K’(x, 0); 
(6.5) K(x, 0) = O[(1 — 0)~*] uniformly in x as 0 1; 


z 0 
(6.6) when x is positive, lim K(t, @) dt = 4 = lim f K(t, 0) dt. 
641 0 6,1 —r 
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Proof of (6.4). Details are given for the case x > 0. 
Ct to 


|K(x, 0)| = |0(24)* f k(y) dy (2xi)™ . exp[w(x + iy@)] dw/E(w) 


C+ tao 
= ni f _, E(ow) exp(xw) dw/E(w)| ; by (4.3); 





= 2, E(—6mn) exp(—xpn)/E’(—bn)| , 


< Ai(l - a> unexp(—2Xpn) /|E’(—un)|, by (4.4); 


and as x > 0 and (3.3) guarantee the convergence of this series, our assertion 
is proved. 


Proof of (6.5). By (4.3), (6.3) and Cauchy's theorem, 


K(x, 0) 


r too 
a(2x)* [ k() dy (xi) J exptwee + iyo) dw/E(w), 


ll 


0(2%)"* f exp(ixv) E(iv0) dv/E(iv). 


Using the fact that for 0 < @ < 1, 
|(1 — i0/d,)/(1 — wd,)| and |(1 + i6/u,)/(1 + iv/p,)| 


are less than unity, we have 








1 — 1v0/(p + m — 6)! 1 — iv/rx| — |1 — iv0/(p +m + i 

1 — iv/(p + nm — 38)| l\l—w/ry| ~ |\1 — w/(p+n+ |’ 
with similar inequalities involving y,. Hence 

| Tio +1—6—w) r(l1—6+%) | © | E(io)| 


IT'(p + 1 — 6 — 0) F(1 — 5 + iv)| ~*~ | E(w) 
| Tio +1+6— wv) Pi1+5+*) | 


~ |P(p + 1 +6 — iv) P(1 + 6 + iv8)| ' 
and by (9, p. 259), 
(6.7) |E(iv0)/E(iv)| ~ A exp[—-lv|(1 — 6)] (|jv] — @), 
Since 0 < @ < 1, this is sufficient to prove our result. 


Proof of (6.6). Write J = SEK, 6) dt, where x * 0. Then 


I 


(2x) f af k(y) G’(t + iy6) dy, 
0 —r 


(2+ [ k(y)IG(« + iy) — Glipo)] dy, 


the interchange of the integrations being justified, since k(y) € L?(—z, x) 
and 
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c+ 


IG + iye)| = xi? fexplo(t + i90)] dw/E(w)], 


c— too 


\(24)~* a exp(—vy@ + ivt) dv/E(iv)|, 


“a 


f exp[— x|v|(1 — @)] O[|v|’*****] dv, by (3.5), 
o[(l — 0"). 


Thus 


c+ 


I = 0(2x)* f ky)dy(2ni)* f {exp[w(x + iy@)]—exp(iyéw) }dw/wE(w). 


c— to 
Again by (4.3) and the absolute convergence of the inner integral for |y| < x, 
we may interchange the integrations, and get 


_ 6 (© [exp(ixv) — 1] E(iw#) ’ 
(6.8) - mi ivE (iv) at 
the application of Cauchy’s theorem being justified by the analyticity of 
[exp(xw) — 1]/w at the origin. 

We observe next that E(@w)/E(w) is real when w is real. Hence J = P — Q, 
where 





_ 6 (® 1 — cosxv Bee) | ; 
ie 2m Jo v a| Ee do, 


_ 6 © sinxv E(i0) ' 
-<f. v | Bit do. 


It is then sufficient to show that 


(6.9) Q-— 0, 6— 1, 
(6.10) P—}, @— 1. 


To prove (6.9), it is sufficient to consider 


nie - 1 — cosxv E(iv6) 
oe J v a Joe. 











We then have 











= = 1 — cosxv | E(iv6)| . E(iv@) | 
IQ = J ; | Bie “ amp | 2 | a 
< Ai(1 — 8) f v‘exp[— xv(1 — 0)] do, by (3.6) and (6.7), 


= A;(1 — 6) J rex(-0 dt < A2(1 — 6)'r(4). 


Thus Q;, and consequently Q tends to zero as @ tends to unity. 
To prove (6.10), we observe that on account of (3.7), 


f° sinxv | BAe 
0 v E(w) 
converges uniformly in 4} < @ < 1; and from (3.6), that R[E(iv@)/E(iv)] is 





dv 











98 D. B. SUMNER 


positive when @ is close to unity. It is therefore sufficient to prove that 
C(é) + 0 (@— 1), where 


sinxv ) | E(iv@) E(iv@) 
om) = J, D singe | [Ete - vf 202 I a 


IC@ |< f° Bie § i! — cos amp| 20%) |} dv, 


< A;(1 — 6)’ J exp[— xv(1 — @)] do, 
= O[(1 — 6)], by (3.6). 


But 





7. The inversion theorems. The main result is 


THEOREM II. Let o(t) € L(O, R) for any R and be such that the integral 
(1.1) converges for at least one z in the strip B: then if f(z) is defined by (1.1) 
and DE(D).f(x) by (4.5), 


DE(D).f(x) = 3[o(x+) + o(x—)], 


whenever the right-hand side has a meaning. 


For 
DE(D).f (x) 


lim (2x) [ k(y) dy f° Ge — 1 + iy) (0 a, 


61 


lim f o(t) dt (2x) | k(y) G'(x — t + ty6) dy, 


051 
= lim f K(x — t, 0) o(t) dt, 
651 Vx 
the interchange of the integrations being justified by the uniform convergence 
of (1.1) in any compact subset of B, and the fact that k(y) € L?(—z, x). 
It is sufficient to prove 


(7.1) f Ke - 1,0) 6 & 44@-), 
(7.2) f K(x — t,0) o(t) dt > 46(x+), 
as@— 1. 


We give details for (7.1). Let T > 0, and write 
z T 
f Ket, 6) — o(e—)]dt = f K (t, 0)[¢(x—t)— o(x—)]dt = J(0, T). 
Then 
r(1—#) 
IJ10, x — ON < flee — Ho -)I|KC, 0a 


«(1—@) 
< Ac -oy" f lo(x — t) — o(x—)|at 
(7.3) = o(1), 





at 


ce 


r). 
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as 6— 1, by (6.5). Next by (6.4), 


(7.4) |\J[r(1 — 6), T]| < AC — 8) Jie — t)—$(x—) |exp(—tu:)dt 
= O(1 — 6). 
Thus by (6.6), (7.3) and (7.4) 


lim % KG — t,0) o(t) dt = 4¢(x—). 
It remains to prove that fro" K(x — t,0) o(t) dt-—0 as 6— 1. As this 
integral need not converge absolutely, we write it as 
[K’(x — t, 0) &(¢)]7., + "K(x — t, 0) &(t) dt. 
By (6.2) and (6.4) the integrated term = 0(1); and for the same reason 
| 2-T 


K’' (x — t, 0) ®(t) dt 





- | fx, 0) &(x — t) at| = O(1 — @). 
T 


Since (7.2) may be proved in the same way, the theorem is complete. 


“a 


The proof of the following theorem is similar: 


THEOREM III. Let f(z) = f2_Ge — t) da(t), where a(t) is a normalized 
function of bounded variation in any finite interval: then if this integral converges 
for any z in B, it converges for all such 2, converges uniformly in any compact 
subset of B, and defines a function analytic in B. Also 


lim (2x)? fa f k(y) f’(x + iy0) dy = a(x.) — a(x;). 


8. Remarks. In the proof of (5.4) we have used the fact that from its 
representation (5.5) as a Dirichlet series, the nucleus G(z) has but a finite 
number of zeros. Hirschmann and Widder (8, p. 159) have shown that a more 
general nucleus has no zeros on the real axis, and it is certainly true that 
G(iy) # 0 for |y| < x. The proof that G(z) does not vanish in B seems to be 
connected with properties of functions defined by Dirichlet series with 
coefficients of alternating sign, and will be dealt with elsewhere. 
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ON AN INVERSION FORMULA FOR THE LAPLACE 
TRANSFORMATION 


P. G. ROONEY 


1. Introduction. The literature of the Laplace transformation contains 
many examples of inversion operators. Particular attention has been given 
in this literature to the so-called “‘real’’ inversion operators, that is, those 
operators which make use of values of the generating function arising only 
from real values of the independent variable. 

It is one of these “real” inversion operators which we shall study here, one 
which has already been studied in part. If 


I f(s) = f e** (t) dt 
0 
then the inversion operator is defined by the formula 
3/2 2% oo 
II "L, Af(s)] = a x!” J,(2kx!) <ite+) dx 
0 


and we shall show that, under certain conditions, 
lim "Lx. df(s)] = o(¢). 


The operator was originally given by Erdélyi (1). However the resulting 
inversion and representation theories were not studied there. A special case 
of the operator, namely y = — 4, was studied by the author in (2). 

We shall derive our results here partially from those of (2) by means of a 
relation, also derived here, between the operators arising from different values 
of ». 

In §2 we find conditions for the existence of the operator, and derive a 
number of its properties, including the one mentioned in the previous para- 
graph. 

Section 3 contains the inversion theory, and in § 4 we find necessary 
and sufficient conditions that a function be equal almost everywhere to a 
Laplace transform of a function of the form #¢(t),@ € L,(0, ©), 1<p<o, 
a> —(p—1)/P. 

The notations introduced by formulas I and II will be taken as standard 
throughout this paper, as well as 


1 f(s) [rerrow dt, 
IV jis) = feo) at. 
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2. Existence and properties of the operator. The following theorem gives 
sufficient conditions for the operator to exist for a given ¢(é). 


THEOREM 2.1. Jf 


(1) e7*o(t) €L(0, 2), y>0, 
(2) t-Gr+3/® g(t) € L(O, 8), for some 6 > 0, 
(3) y>-—l, 


then for each t > 0, and all k > yt, "Ly, ,{f(s)] and "Ly, [f(s)] exist. 


Proof. Clearly the existence of "L,,,{f(s)] implies that of ’L,, ,[f(s)], since 
\f(s)| < f(s). Let k > yt, and t > 0. Now by (3; §7.21) 


4 
J,(x)~ (2) cos(x — 4vr — 3x) asx— @, 
x 
and hence R > 0 and M exist such that |J,(x)| < Mx for x > R. Thus 


J, emery | J (2ky) | dy 
R/2 


< (2k) uf ete tyHdy i (2/k)*MT'(4v + 2) (ku /t)~o"*?/, 
0 


Further, since y > — 1, the integral, 


R/2k 
J, ent | J,(2ky)| dy 


is uniformly bounded in u for u > 0. Hence, 
Joe ou] du [ey | F,(2by)| dy 
ro) R/2k ee) 

f e™!"! 6(u)| an\ f a \ mw tyr) 7, (oby)| dy 
0 0 R/2k/ 


<M; f e "| (u)| du + Mf el ty 99 | b(u)| du < @, 


by (1) and (2), and where 
R/2k 
M, = f y”*"| J,(2ky)| dy, and Mz = MY'(4v + 3)(2/k)*(ku/t) *™. 
0 


Hence, by Fubini’s theorem we have that 


oR /*-** «o « ‘“ 
—" e*™!*! 6(u)| au f e tu" /ty"t 7 (Qky) dy 
T 0 0 


oR ** vad 1 Pes k(y*+1)u/t 
= ——— | vy" J,(2ky) ay f ee tnelt o(u)| du 


tr 0 
3/2 2% 
Re 


= — y x” J,(2kx*) f oe HetDust) 4 (y)| du (where x = y’) 


- Be fe rane) {#E+Y) dx = "Ly. Af(s)] 


tx 0 


exists for each ¢ > 0 and all k > yt. 


fe 
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Coro.iary. If 
(1) e7'o(t) € LO, @), y > 0, 
(2) y>-l1, 
then for each t> 0 and all k > yt, and each «> 0, "Ly, ,[e~**f(s)] exists. 
Proof. e~**f(s) = fc"e-*'d.(t) dt, where ¢,(t) = 0, for 0 <t < «, and ¢,() = 
¢(t — e) for t > «. Thus the conditions of Theorem 2.1 are clearly fulfilled 
relative to ¢,(¢), and "LZ, ,[e~**f(s)] exists. 
The next theorem relates the operators arising from different values of ». 
THEOREM 2.2. If 


(1) e7*o(t) € L(0, ~), y>0, 
(2) t-D+u+3/® 9) € L(O, 8) for somes > 0, 


then f,(s) exists for s > y, 
Atel, Af(s)] and Ly df, (s)] 
exists for each t > 0 and all k > yt, and for all such k and t, 
tel, f(s)] = & Le, Lf, (s)]. 
Proof. The existence of f,(s) is clear. The existence of 
+#L, Af(s)] and of *Zy. Af, (s)] 


follows from Theorem 2.1. 
Now by (3; §12.11), forA > — 1,u > 0, 


2” 
Jy4u(2) _— 2" T(u) 
Hence, setting s = 2kx}, and z sin @ = 2ku!, we have 


xt 7, (2kx?) = I) u* J, (2ku*) (x — u)* du. 
T'(u) Jo 
Further, for nu > 0, u > 0, and k > yt > 0, 


fe — x)" ke + 1) dx = ix — u)* "dx foeteer'egy) dy 
fre HE (y) dy fone — u)* "dx 

(4 y ru) fre REED YI Oy) dy 

= (4) ro (H+), 


the interchange of integrations being valid by Fubini’s theorem since 


f°e™"\6o dy feom'e on u)” "du 
0 u 


-(;) ri) ferry *e0)| dy < 2. 


}r 
J Jy(z sin 0) sin’*"@ cos” dé. 
0 
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Thus for k > yi > 0, 


3/2 2% @ 
ML, dfs) = “10% (2h) (HEI ¥, ” 


pett/2 te “(ies + PD) 4 z 2 , is 
= iT) Jo ; ax f u” J, (2ku*) (x — u)* “du 


yrs po ; . (ie + ) 
= Tu) x Jy(2hu!) du f "(x - u) —— dx 


3/2 2 
me “a J aku’) 5+ D) 


tr 


= Ly, Uls)) 


the interchange of integrations being justified by Fubini’s theorem, since by 
Theorem 2.1 *Z, ,[f,(s)] exists and thus 


f° uw | J(2kut)| du J (x — u)*” | (ke +0) 
< J | JQkut)| du f~ (x — wy (He tD) dx 
-(¢ Yrw f° u| Ju (2ku) p{Met 0 ) du<@ 


The theorem is clearly true if u = 0. 


du 


dx 





Coro.iary. If 


(1) e7'g (t) € LO, ~), y>0O. 
(2) t-D+3/9% (2) € L(O, 5), for some >O, 
(3) A>-I1,u4>0, 


then f_,(s) exists for each s > +. 
tel, Af_u(s)] and *L,. [f(s)] 
exist for each t > 0 and all k > yt, and for all such k and t, 
Ly dl f—n(s)] = “Le, df(s)]. 
Proof. The existence of f_,(s) is clear. Let y(t) = ##(t) and 


g(s) = fey dt = F469). 
Clearly 
e'y(t) € L(O, @) 
for any yi > y, and 
t-D+et3/Oy (2) - t-Gr+8/4) 4 (2) € L(0, 4). 


Hence **#L, ,[g(s)] and #*Z,,[g,(s)] exist and are equal, by Theorem 2.2, 
for each ¢ > 0 and all k > +:t, and hence since y; was an arbitrary number 


larger than +, for all k > yt. But g(s) = f_,(s), g,(s) = f(s), and thus the 
statement is proved. 
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Let I,{¢(u);¢} denote the Riemann-Liouville fractional integral of order 
a, i.e., 


t 
a is a—l 
Ta{ o(u); t} = 5 (T(@)) J (¢— u)"" o(u) du, a> 0, 
¢(t), a= 0. 
The next theorem relates the inversion operator and the fractional integral. 


THEOREM 2.3. If 


(1) ev'o(t) € L(0, ~), y>0, 
(2) t-G>+3/® o(t) € L(O, 8), for some & > 0, 
(3) y>-1, a>QOI, 


then for each t > 0, and all k > yt, 


rtal, [sf(s)] and Ia{’Ly sl f(s)); t} 
exist and are equal. 


Proof. s~*f(s) is the Laplace transform of J,{¢(u); ¢t}, which transform 
exists, by (4; ch. 2, §8), for s > y. Hence, by Theorem 2.1, 


tel, [sf (s)] 


will exist, for each t > O and all k > yt, if t- Arta) +3/9 Tb (u) ; t} € L(O, &) for 
some 6 > 0. But, using the same 6 as in (2), we have 


farmer soca: eae 
< (re) fran fe — wy6(u)| du 
= (Pe) frame fe — we — wy] o(u)] du 
< (rea)? f coer fe — wou) au 
=(r@) fi Jou)| du fe — eran 
< (Pa) f wo \9 w)| du fo — wa 
= (iT(@+1))” forme — u)*|(u)| du 


8 
< 26(P(a + 1)? fw | 9(u)| du < ©. 
0 
Hence 
teZ, [s-2f(s)] 


exists for all ¢ > 0 and all k > +t. 
Now, for b > yt > 0, 


rt) =f): 
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parfarterny (4 b ); . it 


on cf (t — u)* "uv rertan fe —bdo/u 0" o(v) dv 


For 


= P test s ad —bo/u \a—1_ —(a+1) 7 
= v o(v) dv | e (t—u)” u du 
I'(a) 0 0 
i 


= —— e°*! 9" (0) do [e —ber/te—lde = (where x = (t/u) — 1) 
(a) Jo 0 


b* |e" g(0) do = v*(*) ; 
0 J 


The interchange of integrations is justified by Fubini’s theorem, since 
b > yt, and since, with the same change of variables as above, 


l—a 


@ t “ 
Ta) 0 vlo()| av J ert — ul a du = of e°*!"| $(v)| dv < @, 
by (1). 
Thus, setting b = k(x + 1), we have 


3/2 2% re] —a 
L,. ds f(s) =F fb T,0(2kx! (2 ~+0) (te +1) dx 
0 


3/2. 2k pw 
+ J got 7, .(2kx!) a see? {res = »), . i} dx 
( —a,3/2 2k co 
<a f it 7 (ket) f. (e =m) ) ax tt 

0 


un 

= safe “Ly lf_a(s)]; 
The interchange of integrations is justified by Fubini’s theorem. For, 
k>v+t>0, and the same argument used to show the existence of 
tal, [s-*f(s)] can be applied to show the existence of ’*#L,,,[s~*f(s)], and 


thus 
BP” 2k 


+ “eto 7, (2kx*) | Lyw? a {se + »)| . tb ae 


3/2 2k 
Ay 


a f°2e| 7,028) re uo Att 3 (13 7 D) tax 
0 \ 
3/2 2% co ™ 
aa We (Het D) (eet) — 


But by (1), (2), and the corollary to Theorem 2.2, 
u-* te], [f_a(s)] ="Leulf(s)]. 
Hence finally, for each t > 0 and all k > yt, 
tel, [sf(s)] = Ta{’Leulf(s)]; ¢ 
The following theorem gives sufficient conditions that ’Z,,,[f(s)] exist 


for a given f(s), and yields a relation involving the Laplace transformation 
of the operator. 





| 
a 
| 
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THEOREM 2.4. If 
(1) e™u"'f(u") € LO, ©), y > 0, 
(2) ut" Fu) € L(O, 8), for some 5 > 0, 


(3) es) = foemw-¥w) du, s >, 


(4) »>-—1, 
then 
(i) "Ly, f(s)] exists for each k > 0 and almost all t > 0, 
(ii) o "Lye-:[g(s)] and f e** "Ly f(s) |dt 
0 


exist and are equal for each ¢ > 0 and all k > y/c. 
Proof. By Theorem 2.1, 


"Le e—(g(s)] and "Ly, .-:[9(s)] 
exist for ¢ > 0 and all k > y/c. But, 


3/2 2k 
: 


a ’Lze-[g(s)] = —a f lJ, (2kx*) dx J e tatty) du 


3/2 2% es} eel 
= rf x!” J, (2kx!) ax f ery{ tet ) dt (where t = k(x+1)u) 
0 0 


3/2 2k co oo 
= af rat f 2 7.(2ke!) {E+ 0) dx 
0 0 


t 
= f o**"E. Alt. 
0 


The interchange of integrations is justified by Fubini’s theorem, since 
"Lx .e—(9(s)] exists for ¢ > 0 and all k > y/o, and hence 


f x |J,(2ke!)| de f e Ret Dew 1 Fy) du 
0 0 


= f= |Z (2ke face ce + 1)c) dx < o, 


Thus, by Fubini’s theorem ’L;,,,[f(s)] exists for each k > 0 and almost all 
t > 0, and has a Laplace transform, and the equality stated is true. 


Coro.iary. Jf 


(1) &™u fiw") € LO, ~), y>0, 


(2) g*(s) = fremute ty) du, s>v,e>0, 
0 
(3) »>-1, 
then 
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(i) "Ly, [e~**f(s)] exists for each k > 0 and almost all t > 0, 


(ii) a "Lye-:[g*(s)] and J e*' "Ly de “*f(s)] dt 
0 
exist and are equal for each ¢ > 0 and allk > y/c. 


Proof. The hypotheses of Theorem 2.4 are clearly fulfilled relative to 
e~**f(s) except possibly (2). But u-@*+*/%e~-*™ is bounded for u > 0, and (2) 
is fulfilled also. Hence, applying the results of Theorem 2.4 to e~**f(s), we 
arrive at the above conclusions. 


The next theorem concerns the behaviour of ’L,,,{e~**f(s)] when ¢(¢) € 
L,(0, o), 1 «< p < oo, 


THEOREM 2.5. Jf ¢o(t) € L,(0, ©), p fixed, 1< p<, and »> —1, 
then 

(i) "Ly, [e~**f(s)] exists if k, t, and ¢ are positive, 

(ii) Ro and N exist, N independent of k, such that for k > ko, 


I|"Le,de-**f(s)]|lb < Nlo@|l>- 


Proof. Existence follows from the corollary to Theorem 2.1, and for all 
positive k since any positive y may be used. 
Now ’L;,, ,je~“*f(s)] 


3/2 2 
k*e 


= f x!” J,(2kx*) gaorniigy f e PEtP4/ 4 (4) du 
0 0 





tx 


3/2 2 
ke sg 


tx 


et l* Gy) au f e Bet oz/t 4” 7 (Dex) dx 
0 


0 
t’t*phe** 


rc) 
— om =e _ 1 
on : e k((u+e) t-*+(u+) ”(u + €) (7+ o(u) du, 
os 0 


where we have used (3; §13.3, (3)), and the interchange of integrations is 
justified by Fubini’s theorem if k > 0, ¢ > 0, since "L,,,{e~**f(s)] exists by 
the Corollary to Theorem 2.1 applied to |¢(#)|, and thus, 


f x*”| J, (2kx*) | gamary, | e *th"/4| 6(u)| du < @. 
0 0 





Hence, for 1 < p < ™, we have, using Hélder’s inequality, 


"Le, de “*f(s)] ? 
tkte™\? —k((ut«) t-*4+ (rt )-* —(»+1) \p 
< (BEY f-. (w+) |o(u) Pd 
@ pie 
{ f gtirrmey orgy 
0 


f ° ened + e)~ °F” | (uw) [Pdu. 
0 


by (3; §6.23, (8)), where gq = p/(p — 1). Hence 





{aie = t’kee™ 
< ; 7 


TT T 
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fort. de-“f(s) [Pat 


42% pia 74% ~ roa) 
< {seid ef lo(u)/Pau f rey ts + edt 
0 0 


Tr 


| Qh*e™*K, (2k) \?/" 2kbe*K,. (2k) (°° 
sal ‘ e = ( ) e at f |(u) "du. 


Hence 


42 l/¢ 4% l/p 
Ia. de“FCN lp < {LER H | fe K as Qc, 


Tr 








But by (3; §7.23, (1)), Ky(2k) ~ e~**x!/2k! as k — @. Hence ko(d) and N 
exist such that for k > ko, 2k'e*K,(2k)x-? < N. Thus if ko > max(ko(v), 
ko(v + 1)), we have 

\|"Le,de“fnllle < Nol», k > ke. 


If p = ~, we have 


’ —é€s ki as we ut~* u~*),7 —( Pr 1 | 
La, de *F(S)1 < Se feet ead | (0) 
2k'e™K,(2k) ,, , ) 
= ee TO) < N\|¢@| |. 
for k > ko(v), so that 
||"Le,de**f(s)]||o < N|\o(2)||.0. 
CoroLuary. If ¢(t) € L,(0, ©), p fixed, l< p<, p>4/(1 — 2»), 
and y > — 1, then 
(1) "Ly, A f(s)] exists if k and t are positive, 
(2) ko and N exist, N independent of k, such that fork > ko, 
"Le lf(s)]llp < Nilo@|l,- 
Proof. If p> 4/(1 — 2v), then g(4» + 3/4) < 1, where g = p/(p — 1). 
Hence, by Hélder’s inequality, 


fic I6@) “< { fica Siewra}” < &, 


so that, by Theorem 2.1, ’L,,,[f(s)] exists for ¢ > 0, and for all k > 0 since 
any y > 0 may be used. 


The remainder of the corollary follows in exactly the same manner as in 
Theorem 2.5. 


3. Inversion of the transformation. The following three theorems comprise 
the inversion theory for the operator. 


THEOREM 3.1. If 
(1) e7o(t) € LO, @), y>0, 
and if 
(2) » > —$ and t-"* g(t) € L(O, 5) for some 6 > 0, 
or if 
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(2’) -—1 <v < } and t-4**4/%g(t) € L(O,8) for some 5 > 0, 
then, at each point t > 0 of the Lebesgue set of ¢, 


lin "Lx. df (s)] = ¢(t). 


Proof. Case (a): » > — }. Setting A = — } and uw = v + 3} in Theorem 
2.2, we have that ’L, ,[f(s)] and tor AL, faa (s)] exist and are equal. 
But by (2; Theorem 1), under the above conditions 

lim Ly fray (s)| = ot (t) 
ki 
at each point ¢ > 0 of the Lebesgue set of ¢. Hence, at each such point, 
lim "Lx. [f(s)] = (2). 


Case (b): —1 <» < 4. Setting A = », w = — (» + 4) in the Corollary 
to Theorem 2.2, we have that Ly Lfa(s)] and ¢-(7+) "Ly. Af(s)] are equal. 
Hence, as in case (a), using (2; Theorem 1) we have 


lim "Lx. Lf(s)] = o() 
at each point ¢ > 0 of the Lebesgue set of ¢. 


THEOREM 3.2. If 
(1) e7'e() € LOO, @), y > 90, 
(2)a>0,»>-1, 
and if 
(3) a+v> — Zandt-’*9(t) € L(O, 5) for some i > 0, 
or if 
(3) a+v < — } and t-*+5/%9(t) € L(O, 8) for some 6 > 0, 
then for each t > 0, of the Lebesgue set of In{o(u); t} 


lim Ta{"Zeulf(s)]; #} = Taf (us); ¢}. 
Proof. By Theorem 2.3, under the above conditions 


Tal" Leulf(s)}; t} = **Le. As “f(s)]. 


Thus the theorem will follow from Theorem 3.1, if either » + a > — 4 and 
t-@te+) 7, {o(u); t} € L(O, 6) for some 6 > 0, or » + a < — $ and t-Grta)+3/4) 
Ia{o(u); t} € L(O,6) for some 6>0. But if »+a> — }, then 6’ 
¢o(t) € L(O, 6), and thus 


8 t) t 
—(r+a+1) . '- -1 —(r+a+1) _ a—1) | 
ix Hal ow) itl] dt < (FC) fo cena [oe - wy loQu)| de 
(T(a))* |} |o(u)| du | OP e — u)* dt 
fia fro 
(r(@)* f u"*” | o(u)| au f v’(1 — v)* dv (where v = u/t) 
0 u/é 


1 


8 
< (ria) f uw /4(u)| du f oC — v)* "dv < @, 
0 0 


4) 
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Further, we have already shown in the course of the proof of Theorem 2.3 
that if -4"+#/%g(t) € L(O, 6), then so is H-Ar+™+9/9 7, {g(u); t}. 

We conclude this section with a theorem removing the restrictions on the 
behaviour of ¢(¢) at ¢ = 0. 

THEOREM 3.3. If 
(1) e7'o(t) € LO, @), y > 0, 
(2) »> —1. 
then for each « > 0, and at each point t > « such that t — « is in the Lebesgue 
set of (u), we have 


lim "Lx. de “f(s)] = o(t — «). 


Proof. We have e~**f(s) = J cPe-**6. (2) dt, where ¢,(¢) = 0, 0 < ¢ < «, and 
¢.(t) = o(t — 6), t > « Thus the hypotheses of Theorem 3.1 are clearly 
fulfilled relative to ¢,(¢), and the conclusion follows. 


4. Representation theorems. The first theorem of this section is fundamen- 
tal in the representation theory. 


THEOREM 4.1. Jf 
(1) e“u-"'f(u-") € L(O, ©), y > 0, 
and if 
(2) » > — 3, and u~’* f(u-") € L(O, 4) for some 6 > 0, or if 
(2’) -l<v< —4}, and u-“*/*f(u-) € L(O,8) for some 6 > 0, 
then "Ly. .[f(s)] exists for each k > 0 and almost all t > 0, "Ly..[f(s)| has a 
Laplace transform, and 


lim e "Ly Af(s)] dt = f(o), 
ko 0 
at each point o > 0 of the Lebesgue set of f. 


Proof. The existence of ’L,,,{f(s)] follows from Theorem 2.4, as does the 
existence of its Laplace transform for each ¢ > 0 and all k > y/o. The 
remainder of the theorem follows from Theorems 2.4 and 3.1. 


Coro.iary. Jf 
(1) e-“u-f(u-") € L(O, ©), y > 0, 
(2) »>-—1, e>0O, 
then *L, ,je~**f(s)] exists for each k > 0 and almost all t > 0, "Ly, \e~**f(s)] has 
a Laplace transform, and 


@ 


lim = "Le. de “*f(s)] dt = e“f(c), 
0 


ko 


at each point « > 0 of the Lebesgue set of f. 


Proof. Since u-@+%e-*™ and y-@+7/%e-*™ are uniformly bounded in u for 
u > 0, the hypotheses of Theorem 4.1 are satisfied, and the conclusion 
follows. 
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THEOREM 4.2. Necessary and sufficient conditions that f(s) be equal almost 
everywhere to the Laplace transform of a function of the form t*o(t), where 
o(t) € L,(0, @), p fixed, 1 <p < @ anda> — (p — 1)/p, are that 
(1) e“uf(u-") € L(O, ©), 7 > 0, 

(2) || "**Zy, Le-“*F(s)]||, < My, 
where M, is independent of « and k, for all e > 0 and k > ko, for some 
vy > max (—1, —1 — a). 


Proof of necessity. Let 
f(s) = f ef o(t) dt, 
0 
where ¢(#) € L,(0, ~), p fixed, 1 << p < ~, anda > — (p — 1)/p. 
If p < @, and g = p/(p — 1), we have by Hélder’s inequality, for s > 0, 
: Vey 6 )1/ 
lf(s)| < iS lo(e)|"dteg y “erat 
= (gs) (01 + g))"*I 40h = Mee”, 
Thus, for any y > 0, 
e-™u-| f(u-})| < Meu 0 = Mey”, 
and hence sincea — 1/p > — p/p = — 1, we find that e~“u-'f(u-") € L(0,@). 
If p = ~, we have for s > 0, 
If(s)| < J e*'Fdt||(t)||. = = TT (a + 1)||6@)| loos 
and hence for any y > 0, since a > — 1, 
eu" f(u-) | < e-™e T(a + 1)|| (||. € LO, @). 
For the necessity of (2), we have by Theorem 2.2, if a > 0, 


ihe rta], fe **f(s)] = "Ly. A (e~**f (s) al = "Ly. e~**g(s)] 
where 


g(s) = freee + «) “o(t) dt 
0 


If a < 0, we set \ = y+ a, w» = —a in the corollary to Theorem 2.2 and 
obtain again 

t+ "tL, lef (s)] = "Ly, dle~**g(s)]. 
But 


g(s) = frere + €)~*o(t)dt 


is the Laplace transform of a function in L,. In fact, since (¢ + «)-* < 1 for 
t>0, we have ||i*(¢ + €)~* ¢(8)||, < ||6(@||, < ©. Hence we may apply 
Theorem 2.5, and obtain, for k > ko, 


||e-* **#Ly, [ef (s) [lp = ||"Le. de“ (s) Ill < Nile + ||, < Nilo@|l,- 





ON ats 
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Proof of sufficiency. By (2) and (4; ch. 1, Theorem 17a for 1 < p < @, 
Theorem 17b for p = @ ), there exists, for each e > 0, an increasing unbounded 
sequence {k,(e)}, and a function ¢,(¢) € L,(0, ©), with ||¢,(é|| < M,, such 
that 


lim | a(t) **Zy,.fe-“#(s)] dt = few $.(t) de 
tuo 0 0 


for every function a(t) € L,(0, ~). But for each ¢ > 0, e*#* € L,(0, &), 
since a > — 1/g. Hence, by the Corollary to Theorem 4.1, we have for almost 
alle > 0 


@o 


e“f(o) = lim e*'"*T,, de “f(s)] dt 
too 0 
= lim “ett eer, de“ f(s)] dt = [rete dt. 
tia 0 0 


But by the same theorems of (4), and since ||¢,(¢)||, < M,, there exists a 
sequence {e,}, with lim «, = 0, and a function ¢(t) € L,(0, @) such that 
\\@(t)|| < M,, and such that for every a(t) € L,(0, ~), 


lim } a(t) ¢,,(t) dt = f a(t) o(t) dt. 
ta 0 0 
Let =, be the set of measure zero in which, for ¢ > 0, 


e “f(c) # f et" ¢.(t) dt; 
0 


let 


Then = has measure zero. 
Let o be positive and o ¢ 2. Then since e~* € L,(0, ~), we have 
@ 


f(c) = lime ““f(c) = lim ef" ¢.,(t) dt = frerew dt. 
too 0 0 


ta 


and the theorem is proved. 


CorOLLARY. Necessary and sufficient conditions that f(s) be equal almost 
everywhere to the Laplace transform of a function in L,(0, @), p fixed, 
l1<p< o, are that 
(1) eu f(u-") € L(O, ©), y > 0, 

(2) ||"Ly. fe~*f(s)]||, < M,, for all e > O and k > ko, and for somev > — 1. 

Proof. Since (p — 1)/p > 0, we may always set a = 0 in Theorem 4.2 
and the result follows. 


The next theorem shows how far the factor e~** is necessary. 
THEOREM 4.3. Sufficient conditions that f(s) be equal to the Laplace trans- 


formation of a function of the form t*$(t), o(t) € L,(0, ©), pfixed, 1 <p < @, 
a> — (p — 1)/p, are that 
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(1) e-™u-'f(u-") € LO, @), y > 0, 


and 

(2) u-@tet)f(u-!) € L(O,5) for some 6>0, and some v> —1 such that 
v + a > _— 3, 

or 


(2’) u~Aerta)+7/0F (4-1) € L(O, 5) for some 6 > 0, and some v such thaty > — 1, 
and -1 <vy+a< — }, 
(3) |le* "Ly Af (S)]llp < My, k > ho. 

Condition (1) is necessary for all such p and a. Condition (2) is necessary if 
py > — 1, and (2’) is necessary if p(1 + 2(a — v)) > 4. Condition (3) is 
necessary tf p > 4/(1 — 2y). 

Proof of necessity. Let " 

f(s) = f eo (t) dt 


where ¢(t) € L,(0, ), p fixed, 1 << p < ~, anda > — (p — 1)/p. 
The proof of the necessity of (1) is the same as in the preceding theorem, 
and, as in its proof, we have |f(s)| < Ms~¢+!/ where g = p/(p — 1). 
Hence u-rtet2)| f(y?) | << Mun otitin), 
and thus (2) is necessary if »y + 1/p > 0, i.e., if py > — 1. Also, 
y-rta)+7/4)| #(y-1)| < My-Ge-w+i +d 


so that (2’) is necessary if (vy — a) + 1/p + ? < 1, ie., if p(1 + 2(a — v)) >4. 

For the necessity of (3), we have, since p > 4/(1 — 2v) that g(4v + 2) < 1. 
Hence if a>0, the hypotheses of Theorem 2.2 are fulfilled, and 
t *teL, Af(s)] = "Le, fa(s)]. Thus by the Corollary to Theorem 2.4, since 
fa(s) is the Laplace transform of ¢(#), and ¢(t) € L,(0, @), 


||t-« tel, Af(s)]|l> < N\ $(t)||>- 


Ifa < 0, and if we set \ = » + a, u = — a, the hypotheses of the Corollary 
to Theorem 2.2 are fulfilled and the same results ensue. Hence (3) is necessary. 





Proof of sufficiency. By (3) and (4; ch. 1, Theorem 17a for 1 < p < o, 
Theorem 17b for p = ~) there exists an increasing unbounded sequence 
{k,} and a function ¢(t) € L,(0, ~), with ||¢(¢)||, << M,, and such that 

lim a(t) f*"**L,, Af(s)] dt = f a(t) @(t) dt 

too 0 0 
for every function a(t) € L,(0, ~). But for each ¢ > 0, e~*t € L,(0, ~) 
since a > — 1/g. Thus, by Theorem 4.1, we have for almost all ¢ > 0, 


f(e) = lim ¥ “e*'Ly, Af(s)) dt 


ll 


lim et "Ly, Af(s)]) dt 


tia 0 


f ef o(t) dt. 
0 


\y 
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ASYMPTOTIC BEHAVIOUR OF THE INVERSE OF A 
LAPLACE TRANSFORM 


T. E. HULL anp C. FROESE 


1. Introduction. There are many problems, particularly in circuit theory, 
where the inverse of a Laplace transform is required but only for large values 
of the independent variable. For example (2, p. 66) the Laplace transform 


i(s) = free dt 


of the current function for a semi-infinite cable under certain conditions turns 


out to be 


st 


i(s) = l+s . 
To find the behaviour of J(¢) for large ¢t we can proceed as follows. We first 
expand i(s) in powers of s to obtain 


(s) wm fF — 974557 _..., 


We then find the correct asymptotic expansion 


‘ 4 
aie (2) [(2t)-*? + 1-321)? + 1-3-5(20)7" +. J 


by using formally, for all a, the result 


oo e- 
—st —a 
—-dit=; 
J. . ie * 


which actually holds only for R(a) > 0. 

Heaviside (6) developed this procedure in a somewhat different form and 
used it to solve a large number of practical problems. But it was only many 
years later with the development of Laplace transform theory that his methods 
were established on a rigorous basis (1; 2). 

More recently Doetsch (4) has given a number of rather loosely connected 
theorems which enable one to handle more complicated transforms than the 
one given above. He discusses in detail the cases when the transform function 
behaves near the origin like s~*log’s, all a and m = 0,1,2,.... 

It is the purpose of this paper to show how his methods can be improved 
and generalized so as to give results when the transform function behaves 
near the origin like, for example, s~*e~*’* or s~*/log s, all a, 8. 

The main results are contained in two theorems—one about properties of 
the inversion integral and one about comparison functions. Some of the for- 
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mulas needed for applications are collected in a table and a few examples are 
treated briefly at the end. 


2. Properties of the inversion integral. The Laplace transform f(s) of a 
function F(¢) is defined in the right half plane R(s) > so by 


f(s) = f “e'F(t) dt 


if this integral exists for R(s) > so. Under some circumstances the inversion 
integral 


F(t) = iS. ef(s) ds, t>0, 


is valid when a > So. In what follows all such integrals will be considered 
Lebesgue integrals or principal values of Lebesgue integrals. For example, 
the inversion integral is to be taken as a principal value so that 


a+ to a+iR 
f stands for lim : 
a 


— too Rc a—iR 


We shall begin with a theorem about certain properties of the inversion 
integral. Our plan is to first impose a few mild restrictions on the transform 
function. To avoid unnecessary complications we restrict ourselves to con- 
sidering singularities only at the origin. We then show that the path of inte- 
gration can be altered in such a way that the asymptotic behaviour of the 
integral is determined by its contribution from a small portion of the contour 
around the origin. Obvious generalizations will appear when we consider 
examples in §4. 

THEOREM 1. /f 

(i) f(s) is an analytic function of s, regular for \|arg s| < y for some y where 
bn <W < 2, except perhaps for a singularity at the origin,’ 

(ii) e**f(s) +0 uniformly as |s| > © in the sectors 4x < 
some finite k, 


(ii) FW) = 54 a. e'f(s) ds 


exists for t > 0, at least as a principal vaiue, for some finite a > 0, and 
(iv) f(s) +0 as |s| — © in the strip 0 < R(s) < a, then 


(1) F(t) = = fev ds, t> k, 


where C is the heavy contour shown in Fig. 1 and where the integral is taken to 


be a principal value; moreover, 
1 st —et 
— = t— o, 
(2) oxi Jot Jas = ole), 


for some « > 0, where C’ is the part of C for which |s| > r > 0. 





arg s| < ¥, for 


"In case f(s) is not single-valued we shall restrict our attention to one of its branches. 
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For the proof we notice first that, because of (i), the integral around the 
closed contour in Fig. 1 is zero. The first result then follows from (iii) as soon 
as we can show that the contribution when |s| = R to the integral around the 
closed contour approaches zero as R— @ while ¢ > k. 


a 














Fig. 1. C is the heavy contour. C’ is the portion of C with |s| > r > 0. 


The parts of this contribution in the strip 0 < R(s) < @ approach zero 
because of (iv); the remaining parts approach zero because, using (ii), the 
absolute value J of the part in the second quadrant is 


I< ay eh scoot e tos? 9 
2Qr r/2 
where 6— 0 as R— o~. Hence 


I< 6R - Few) ap 
2x 


/2 
oe eee ee 
"aG-ph'-* 
—0 R— ~ andi >k, 
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and similarly for the part in the third quadrant. The second result follows 


because 
< 4 | Ke cos ¥ du 
7 r 


be *” om 
_- (t — k) cos y 


= o(e**) ast— ~, 











= fev ds 





er") 


fore = —rcosy > 0. 


3. Comparison functions. We shall now consider a theorem about certain 
standard transforms which will be used later for comparison with a given 
transform. We shall prove 

THEOREM 2. Jf 

0, O<{t| <1, 
F(t) = igen ¢| = 1, 
(¢), |t|>1, 
where ©(t) is any function from the second column of the table, then the Laplace 
transform of F(t) exists for R(s) > 0 and can be represented for all s by 
f(s) = o(s) + an entire function, 


where $(s) is the function from the table corresponding to the ®(t) being considered. 
Moreover f(s) satisfies the conditions of Theorem 1 (and the integral defined in 
(iii) as the F(t) given above). 


We shall first prove the theorem for case 1 of the table and then show how 
this result can be generalized to give the remaining results. 








Case 1. Here fo 
o(t) = Ta) 
so that f(s) exists and 
@ = e- 
_ at 
(3) f(s) = f e Ta) dt, Ris) > O. 
For R(a) > 0 we can write 
o > e- f = g- 
- a st 
(4) f(s) J e Tia) dt »¢ Ta) dt 
= s “ + an entire function, Ris) > 0. 
When ®(a) < 0 and a + 0, —1, —2,..., we choose an integer m so that 


—n < R(a) < —n + 1, perform n integrations by parts and obtain 
n—1 


s 


- 1 $s 
f(s) = (atin t: Row 


s* ss —st,a+n—1 
tia de t dt, Ris) > O. 
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TABLE OF COMPARISON FUNCTIONS 


a, 8 are complex numbers, 2 is a positive integer. 












































¢(s) }(t) Restrictions 
a—1l 
Case 1 - a a@, -1, -2... 
log* s (2) "wd a 
Case 2a da) Ta) a ~ 0, —1, —2,... 
Case 2b log s -£-{ Fe) aia 
(a @ 1) : Ta) log t T (a) a #0, —1, —2,. 
Case 2c , 
(n = 1) a (—1)*""(—a) if | « = 0, —1, —2,... 
(a0, —1,...) 
eel t }(a—1) a 
Case 3 3 (: Ja-1(2/ Bt) none 
—B/s n n }(a—1) 
Case 4 oes [. 4) (4) none 
Ja1(2v/ Bt) 
2 1 1 ne! ae 
Case 5 Fien: me | J Tm) du — none 





The first term is an entire function, and the integral in the second term can be 
treated as above in (4). We then obtain 


(5) f(s) = s-* + an entire function, Ris) > 0. 


We now change the path of integration in the ¢-plane from the ray (1, ~) 
to the contour consisting of the line segment (1, 2), the circular arc (2, 2e**) 
and the ray (2e, oe). We obtain in this way the analytic continuation of 
f(s) into the half-plane R(se“) > 0. (To obtain the continuation into the 
lower half-plane we let @ increase to $a and for the upper half-plane we let @ 
decrease to — $7.) — (3) becomes 








= —st i " nteet e* on ag & «suet? a 
6) 1) = fers e— det ot fem" Say 
= 5“ + an entire cities R (se) > 0, 


by an argument similar to that used in (4) and (5). Thus f(s) has the repre- 
sentation required by the theorem in case 1. 
That f(s) satisfies condition (i) of Theorem 1 follows from the representation 


which has been established. 
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Condition (iii) (and the fact that the integral defined in (iii) is the original 
F(t)) follows from the absolute convergence of (3) and the fact that F(t) is 
of bounded variation in every finite interval and continuous except at ¢ = 1 
(4, p. 212). 

For both conditions (ii) and (iv) we have first to show that f(s) ~0 as 
s—> +1. If we put s = —ty(y > 0) then in (6) we can choose 6, indepen- 
dently of y and where 0 < @ < z, so that the middle term is less in absolute 
value than any ¢ > 0. The third term then approaches zero as y — © because 
R (se) > 0, and so does the first term because of the Riemann-Lebesgue 
theorem. Putting s = iy(y > 0) leads to a similar result. 

The remainder of condition (iv) follows from the absolute convergence of 
(3) and the Riemann-Lebesgue theorem. 

For the remainder of condition (ii) we first choose @ so that all rays in the 
sector 4 < args < ¥ < x enter the half-plane R(se“) > 0. The third term 
in (6) then approaches zero as |s| — © in this sector; the first and second 
terms are easily shown to be Olexp(—2(s))] as |s|-+ © in the sector. 
Similar results hold in the sector —x < ¥ < args < — 4 and (ii) follows 
for any k > 2. 

Thus Theorem 2 has been proven for case 1 of the table. From our point 
of view the importance of this result is that it enables us to relate a function 
#(¢) to a transform which has a singularity at the origin like s~* even when 
R(a) < 0. The essential property of #(¢) which made the proof possible was 
that it satisfied the equation 


d 
5 F(t,a) = F(t,a — 1) 


so that successive integrations by parts could be carried out to give (5). 
Many functions are known to satisfy this “F’’ equation (7). For example, all 
the functions @(#) which appear in the table satisfy this equation and the 
proof of the theorem in each case goes through as in case 1. 

The functions #(¢) in the table have been chosen because their transform 
functions ¢(s) have essentially distinct types of singularities at the origin. 
In the next section we shall show how even these few choices enable us to 
handle a considerable variety of Laplace transforms. 

Cases 2 and 4 can be obtained formally from cases 1 and 3 respectively 
by differentiation with respect to the parameter a. Case 5 can be obtained 
formally from case 1 by first integrating with respect to a and then subtracting 
the effect of the pole at s = 1. (In this case we restrict our attention to the 
branch on which log s is real when s is real.) 

From a somewhat different point of view cases 1 and 2 have been considered 
by Doetsch (4, pp. 494-502). 


4. Procedure and examples. We shall now show how the results of the 
preceding two sections can be used to obtain the asymptotic behaviour of the 
inverse of a variety of Laplace transforms. We shall consider a few examples 
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to illustrate the procedure and then summarize the steps to be taken in any 
particular case. 
We shall first consider the function 
— og s 
f(s) =F + 3° 
This function is a Laplace transform which can be inverted by means of the 
inversion integral (4, pp. 263-264) and the problem is to obtain the behaviour 
of its inverse F(t) for large t. (In fact F(t) = cos ¢ Si(t) — sin ¢ Ci(t) but this 
need not be known in what follows.) 
If we subtract from f(s) the effect of the poles at s = + 7% we obtain the 
function 
log s TS 
l+s) 2+2s° 
which satisfies the conditions of Theorem 1. Therefore 


= pe S st log s Ts | 
(7) F(t) irowtm oe). e | oe, 2428 ds 


— ® —1)424 (—1)"*'s***log s _ __*s | 
Je LE cavetege + i+s 24+ 28)% 


where C in Fig. 1 may be taken to the left of the points s = + 1. 
Now from Theorem 2 (case 2c) we know that 
(8) —>> (-1)’(2j) "4" = .5 e| > (—1)’s*log s + entire function | ds. 
j=0 2ridc j=0 
In each of (7) and (8) contributions to the integrals from C’, the part of C 
outside the circle |s| = 7, are o(e~**) as t-+ ~, for some e > 0 because of 
Theorem 1. Contributions from the remainder of C due to the terms as/ (1+?) 
and the entire function are also o(e—*') as i > © because the contour can be 
moved, as far as these terms are concerned, to a position lying entirely to the 
left of the imaginary axis. 
We therefore obtain 
n eee (—1)**" e' Pima | - 
F(t) —4}xcost + >> (—1)/(2j)"°**" = (our [ 5 RS ds + 0(67*") 
j=0 2mt Jcisicr 1 +5 
as t—» o, The integral on the right can be divided into two parts: one taken 
along the rays arg s = + y and the other taken around a portion of a small 


circle enclosing the origin. We choose ¢ large and let the radius of this circle 
be 1/t. From the first - we then have 


| | fers TOS as 














< A "et con, nt du 


1/t 


rt 
—2n—2 2n+1 
= Af 2n f e? 008 ¥,2at dv 
1 


< Ar f e” cos Vath dy 
1 
_ Br 
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where A, B are finite constants. For the second part we have 


2n+2 
5S logs 
Je 1+s és 


We therefore obtain finally 








< e901 /t)™ 24 (1 /t). 


F(t) = $xcost — > (—1)*(2j) 4°" + o(r**) 
j=0 


ast— o, 


As a second example consider 





eve 
f(s) - s(1 + s) 
- > (—1)%s Ye (—1)*ts*e-*" 
j=0 l+s ‘ 


The procedure for this example is similar to the one given above except in the 
treatment of the remainder. This time we let the radius of the small circle 
about the origin be ¢-* so that, for the part of the remainder taken along the 
rays arg s = + y, we have 


ete tts 
| J 1+s ds 





< C foe cos ve cos vu Miu 
‘ 


=C pe fre cos Ve-1/0) aI 
1 
<Dr 
where C, D are finite constants. For the part of the remainder taken around 
p 
the small circle we obtain 


st. —l/sn 


ee 5 


“1+s 





ds| < et "2at 








so that finally 


Ft) = Se 7,(2vt) + 01) 
ast— o, 


On the other hand, for 


l/s 


. e 
f(s) _ s(1 +s) 
we obtain 
F(t) = Soe 1,(2Vt) + Oe” 
7=0 
asi— o~, 


As a final example let us consider a transform with log s in the denomi- 


nator. If , 
IG) = = ies 
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we obtain, as we did in (7), 

F(t) + (3 + te" 
we ol $e - ) e+1,_ 3 Lett, 
Qi - D> logs s—1l 5-1 G— ses 2(s — 1)’ és. 


Using case 5 of the table and treating the remainder as we did in the first 
example we obtain finally 


F(t) = — ($+ te’ -- e (fou of :’) + o(r*) 


j= - 





asi— o, 

It is clear that the above procedure can be applied even when the singularity 
being considered is not at the origin; a simple change of variable will move 
the singularity to the origin and multiply the function F(t) by an exponential 
factor. 

In summary, the procedure for finding the asymptotic behaviour of the 
inverse of a given f(s) can be described briefly as follows. We first verify that 
the inverse exists and can be found by means of the inversion integral (4, 
pp. 263-264). We then move the singularity under consideration to the 
origin, subtract the effect of any poles to the right of, or on, the imaginary 
axis and verify that the conditions of Theorem 1 are satisfied. We then sub- 
tract the effect of a finite number of appropriate terms chosen from the table 
and finally examine the size of the remainder for large t. 

The procedure can also be used when we have to consider a finite number of 
singularities with the same real part; each singularity can be considered 
separately. 


5. Asymptotic behaviour of a certain function. In the first example of the 
previous section the asymptotic expansion proceeded in negative powers of ft. 
A comparable expansion, which will of course contain sine and cosine terms, 
can be obtained for the examples involving Bessel functions; we have only 
to substitute the known asymptotic expansions of the Bessel functions and 
neglect any term whose order is the same as or smaller than the order of the 
remainder. 

To obtain an expansion in terms of elementury functions for the last 
example we would need an asymptotic expansion for the function 


ata i : 
$(t) = f Tu) —e'. 


We shall find an expansion of this function but it will turn out that the expan- 

sion proceeds in negative powers of log #. It can therefore be substituted into 

examples like the last one only when the first term in the sum is sufficient. 
Because of Theorems 1 and 2 we can write 


1 e*' —et 
6) = si J. Seppe + 0 ), ete 
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Letting the radius of the circular part of C be 1/t and s = u/t we obtain 
fi e“du euia 
t , [> @, 
a 2mi J u” (log u — log?) +o) 
where the integration is taken around a contour like C except that the circle 
about the origin has radius = 1. 


- (‘2 81) ay 1 fe" (log sy" du | 
eine —laS5 >> log ¢ as = (joe 1 — log u/logt 


- ial & (2) (-a) ret A)" 


as t—» . We have used Hankel’s contour integral representation of 1/T'(a). 
Our result includes some special cases considered by Colombo (3). 
In case R(a) > —1 











o¢) = Ja: Fix * 


for all ¢ > 0. By taking y = z and shrinking the circular part of C to zero 
we can obtain a result found by Ramanujan for real a (5, p. 196). 

We wish to thank F. M. C. Goodspeed and R. D. James for helpful dis- 
cussions during the preparation of this paper. 
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ON THE POTENTIAL THEORY OF 
COCLOSED HARMONIC FORMS 


G. F. D. DUFF 


1. Introduction. The potential theory of real harmonic tensors, which 
was first studied by Hodge (5), offers a variety of problems by no means all 
of which have yet been examined. In the present paper there are formulated 
the solutions of some boundary value problems for the Poisson equations 
associated with coclosed harmonic forms. These problems include as special 
cases a number of previous results on coclosed harmonic forms and harmonic 
fields. In turn, however, they are themselves special cases of the mixed 
boundary value problem for harmonic forms which was studied in a preceding 
paper (3). The method used with these boundary value theorems for coclosed 
harmonic forms is also applied to the differential equations of harmonic fields 
and of a new special class of harmonic forms which will be called biharmonic 
fields. 

The notations and results of the theory of harmonic p-tensors as developed 
in (4) or (8) will be assumed known to the reader. The theory of the mixed 
boundary value problem for A¢ = 0 (3) will also be used. We consider through- 
out a finite positive definite Rumannian manifold M of class C”, and dimension 
N having a smooth boundary B of dimension N — 1. The data of the various 
problems will also be supposed sufficiently differentiable. 


2. The mixed problem for Poisson’s equation. Since we shall need to 
apply the mixed problem to non-homogeneous equations, we formulate here 
the necessary and sufficient condition for the existence of a solution of the 
mixed problems in such cases. We recall that A = dé + dd. 


LEMMA 1. There exists a solution o of Ad = p, in M, with given values of 
to and ti on B, if and only if 


(2.1) (ru — [se Ar=0 
B 
for every eigenform r of the eigenspace K = {r|dr = 0, ir = 0, tr = O}. 
Proof. The necessary and sufficient condition (9) 
(2.2) (p, rT) = 0, dr = 0, 6r = 0, tr = 0, mr = O, 


for the solvability of A¢é = p without any boundary conditions is satisfied in 
view of (2.1). Therefore a form ¢; with Laplacian Ag; = p in M exists. We 
now seek a harmonic form wy which satisfies the two boundary conditions 
ty = th — thi, tiv = td — tq. 
Received April 30, 1954. 
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By the theorem (3), such a form y exists if and only if for all r € K we 
have 


(2.3) fae — 1) A*r = 0. 


But since tr = 0, we see from Green’s formula that 
J so A *r—T A *d¢, 
B 


J 80 A *T 
— D(¢:, r) + (7, Adi) = (7, 2), 


and (2.3) is therefore equivalent to (2.1). This proves the lemma. 

By adding if necessary elements of the eigenspace K to the solution ¢ of 
the mixed boundary value problem we can arrange that (¢, 7) = 0, r € K. 
The solution is then unique. For convenience this will be done in the following 
work. We also recall that the dimension of K is the relative Betti number 
R,(M, B) of M modulo its boundary B, and that this is equal to the absolute 
Betti number R,(M) of the complementary dimension g = N — p. 

Let gx(x,y) be the Green’s form of degree p for the mixed problem, as 
defined in (3). Then the solution of the above Poisson equation is given by 


(2.4) —_P Jie ia five i 


In the boundary value problem dual to the above,” we assign values of 
no and nd. The condition of solvability for Ad = p is in this case 


(2.5) nte+ J. A sd = 0 


for all + satisfying dr = 0, ir = 0, mr = 0. These eigenforms + span the eigen- 
space M of dimension R,(M). 


3. A Dirichlet problem for coclosed harmonic forms. The differential 
equations satisfied by coclosed harmonic forms are dd@ = 0 and 6¢ = 0. 
It was shown in (3) and (4) that there exist solutions of these equations with 
assigned values of t@. We now study the slightly more general problem with 
non-homogeneous differential equations. 


THEOREM I. Let p = p, and o = ay_, be given coderived forms defined in M 
and let @ = 0, be a p-form defined on B. Then there exists a unique solution 
of the equations 


(3.1) id =p, 36 =<, 
satisfying the boundary condition 
(3.2) tp = 0 


and the orthogonality condition (¢,r) = 0,7 € K. 


The uniqueness follows immediately since the difference ¢ = ¢:— 2 of 
of two solutions satisfies Ad = 0, t¢ = 0, t6¢ = O and (¢,7r) = 0, r € K; 
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and so is zero from the theory of the mixed boundary value problem for 
harmonic forms. 


Proof. We now formulate the appropriate mixed boundary value problem 
(3.3) Ad =p+de, th = 0, tid = te, 


with (¢, r) = Oforr € K. We first show that a solution of this problem exists. 
The orthogonality condition of Lemma | is, for r € K, the vanishing of 


(p + do, r) — Je A *r 
B 
= (p, rt) + (0, r) ae + | oA *r— | o A *r = (p, T) a. 
B B 
Since p is coderived, p = éx say, we find 
(p, rT) = (62,7) = (2, dr) —- | rA +r = 0, 
B 


since dr = 0, tr = 0. Thus the condition holds and a unique solution ¢ 


exists. 
Now let » = y,_, be defined as 
(3.4) v = 66 — o. 


Then from (3.3), 
ty = tid — tc = 0, 


while, since o is coderived, ¢ = 6 say, we have y = 6(¢@ — &) and hence 
by = 0. Also, 

(3.5) dy = dio — do = p — ddd, 

from the differential equation in (3.3). Thus 


idy = ip = 0 
so that 


N(dv) = (¥, 8d¥) ar + Jy A sd¥ = 0, 


since ty is zero. Hence d¥ = 0 in M. This shows that the first of (3.1) is satisfied 
by ¢. Finally, 


N(y) _ (vy, 5(¢@ — &))u = (dv, @ — &) - Jy A +(@ —§)=0 


since df = 0 and ty = 0. Therefore y = 0 in M and (3.4) shows that the 
second equation of (3.1) holds also. This concludes the proof of Theorem I. 

We next consider the conditions which must be satisfied by the data of the 
problem if ¢ is to have further special properties. Obviously ¢ is coclosed if ¢ 
is zero. We may however ask: when is ¢ coderived, closed, or derived? To 
answer the first of these questions we require the following: 


LemMA 2. If a coclosed for a on M is orthogonal to the eigenspace K, then a 
is coderived. 





r 
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The proof is based on the bilinear formula for closed forms on a closed 
manifold (6, p. 85). Let F be the double of our finite manifold M (4). Then, 
if a = a, is coclosed and 8 = 8, is closed on F, we may write the bilinear 
formula 

R,(F) 
(3.6) (a, B)r = duo 

1, j= 
Here the matrix ¢ is the transposed inverse of the intersection matrix a’ of 
the p-cycles of a fundamental base of F with the g-cycles of a complementary 
fundamental base; the w‘ are the periods of *a on the g-cycles; the »‘ are the 
periods of 8 on the p-cycles; and 

q=N-—p>. 

We may suppose that the cycles of the two fundamental bases have been 
chosen as follows. The g-cycles consist of R,(M) independent absolute g-cycles 
of M, forming a fundamental base for M, together with certain additional 
cycles of F — M. The p-cycles, dual to the above g-cycles of F, which lie all or 
partly in M constitute a base for the relative p-cycles of M, mod B. To see 
this, we note that any relative p-cycle of M mod B, together with its image in 
F — M, constitutes an absolute p-cycle of F which is expressible as a sum of 
the fundamental p-cycles of F. The intersection submatrix of these g-cycles 
and relative p-cycles of M is again non-singular. 

Since tr, € K is closed, and tr, = 0, r has zero period over any cycle lying 
in a sufficiently small neighbourhood BX J of B in M. Thus + is derived in 
B X I (1); let r = dy y_, there. 

Let p. be a C™ scalar function of a real variable ¢ which satisfies 


p.=0 for ti<0, O<¢p.<1, p. = 1, for t>«. 


Such a function is easily constructed. Now let x” be a variable which paramet- 
rizes the interval J, uniformly over the neighbourhood B X J, and define 


0 in F — M, 
B. = ee.) Yr-1) in B X I, 
\T inM—BxX I. 


Then 8, is closed, of class C” in F, and vanishes outside of M. Moreover 
lim.,0 8. = 7 in M, while for any cycle A,‘ of F, 


vy‘ = lim v‘(e) = lim 8. = i) T, 
«40 e,0 A,* R,‘ 
where R,‘ is the relative p-cycle of M mod B which is the part of A,‘ lying 
in M. 

From (3.6) we find 

R,(F) 

(a, r)ar = lim (a, B.)r = lim > &wo'r’(e) 

«+0 «40 i,j 

Ry(M.B) 


dS Jyw'r’(0). 


1.J 
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Thus 


R,(M,B) 


(a, tT) = éyo'v’, 

i,j 
where the >’ are the relative periods o1 + on a fundamental base for M mod B. 
But we can find a form r € K having assigned periods on these cycles. Since 
(a, r) = 0, r € K, we see that 

R,(M.B) 
& yo'v? = 0, 
a) 

for arbitrary v’. Because ¢,, (i,j = 1,...,R,(M, B)) is non-singular, we 
conclude that w' = 0. Thus *a has zero periods on the absolute g-cycles of 
M and so is a derived form (1). We therefore conclude that a is coderived, as 
stated in the lemma. 


Taking ¢ = 0 in Theorem I and applying the lemma, we have 
CoROLLARY Ia. When o = 0 the solution is coderived. 


In order that ¢ be closed it is clearly necessary to have p = 0. Also @ = to 
must be admissible in the sense of Tucker, that is, 


d,;6 = 0 and , 6=0, 
ORyp +: 
for every relative (p + 1)-cycle R},;. Conversely, these conditions are suffic- 
ient, because, if they are satisfied, we see that t@ = @ = tt, say, where £ is a 
form closed in M (1). Then, since id@ = 0, we have 


N(d¢) = (6,846) + Je Ade 


7 fi A ado = (dt, de) — (&, 844) = 0, 
and so d@é = 0 in M. 


CoROLLARY Ib. The form @ is closed if and only if p vanishes and @ is 
admissible. 


For ¢ to be a derived form it must in addition have vanishing periods on 
all p-cycles of M. In particular @ must be a derived p-form in B, @ = df say. 
The remaining conditions may then be expressed 


oo f f, 
Ry dR»! 


but in this formula ¢ itself still appears. Replacing ¢ by its value as given by 
(2.4) and (3.3) we could find the explicit conditions on the data of the problem, 
but these are too cumbrous to be useful. 


4. A mixed problem for coclosed harmonic forms. The two mixed boundary 
value problems of (3) are equivalent under dualization. However, since the 
equations éd@ = 0, 5¢ = 0 of coclosed harmonic forms are not self-dual, the 





ce 
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two lead to different problems for coclosed harmonic forms. The second of 
these is 


THEOREM II. Let p = p, and o = a,y_; be two coderived forms in M. Let 
t = £, and » = ,-1 be forms defined on B such that 


(4.1) dot = (-1)"e0, f g=(-1)" fo, 

ORe +: Ret 
and 
(4.2) don = (-1)", f= (-1)" fo. 

OR, Re 

Then there exists a unique p-form @ satisfying the differential equations 
(4.3) bdo = p, bo = @, 
the boundary conditions 
(4.4) top =, tedd =n, 


and the orthogonality condition (¢, 7) = 0,7 € M. 


The conditions (4.1) and (4.2) are necessary consequences of (4.3) and (4.4); 
we wish to show their sufficiency. 


Proof. Consider the M-problem (3) 
(4.5) Ad =p+de, tep=t, tedb=n; (6,7) = 0,7 € M. 


According to (2.5), a solution exists provided that for r € M, the quantity 
(9 + do, r) + J. A +d¢ 
= (p,r) + (0, 6r) + Je A #7 + fra n= (9, tT) + J. A 
vanishes. Since p is coderived, p = 6x say, the condition becomes 
0 = (67,7) + Ji A 9 = (#,dr) + J. A (9 — *n). 


The volume integral on the right vanishes since dr = 0. We shall now show that 
” — t*#m is an admissible tangential boundary value on B. Indeed, 


dz(n — ter) = dyn — tdex = (—1)*%tep — (—1)*%isie = 0, 


since p = ér. Likewise, 
p 


fi. —*r) = Je _ Jan = Ji. - (—1)" J, 
= Si — (—1)" J. = 0, 


from (4.2). Thus 7 — tex = fa where da = 0 in M. In consequence we find 


Jrra@-- frra- Ja ra) =0, 
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since da = 0 and dr = 0. Therefore the necessary condition is satisfied and a 
solution ¢ of (4.5) exists. 
Next we define 





v = ig — o = 5(¢ — 8), 

where @ is such that ¢ = 66. Then 

dy = did — do = p — idp = 5(x — dd) 
by the differential equation (4.5). Hence édy = 0. 

From (4.5), we see that 
tedy = t#(p — bdo) = (—1)"dan — teddy 

= (-1)"den — (—1)"idedg 

= (—1)* {dan — dgtedg} = 0. 
Hence 


N(d¥) = (W,8dv) + J vA adv =0, 
and so dy = 0 in M. Next we see that 


NW) = (¥8(6-8)) =v, 6-0) — fordo—o) 


and the volume integral contains the vanishing factor dJ. We show next that 
t#(@ — 0) is admissible on B. In fact, 


dgte(@ — 0) = dgted — ide? = dgt — (—1)%ted0 : 
= dst — (—1)"ieo = 0, 
by (4.1). Also, 


Sun..2 — Sneed , a ji... --Y ea 
= f e—(-1)" f ao = 0, 


ORe +: Retr 
by the second of (4.1). Thus ##(@ — 6) is admissible and so equal to ¢ for 
some closed form 8 in M. That is, 


nw) =- fvrse-o=- fvrs=- favre) =o . 


since d8 = 0 and dy = 0. Hence y = 0 and the two differential equations 
(4.3) are satisfied. This completes the proof of the theorem. 

In order that @ should be coderived, it is necessary that ¢ = 0, that ¢ 
should be a derived form on B, and that the absolute periods of #@ should 
vanish. This last condition cannot be expressed without the Green’s form ' 
gu which is dual to the gg of (2.4). 

When ¢ is closed, p and 7 vanish. Conversely, if p and 9 are zero, we see 
from (4.3) and (4.4) that dd¢@ = 0 and t#d¢ = 0. Thus \ 


N(d$) = (@, 846) + Je A sd =0 
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and ¢ is closed. Now the dual of Lemma 2 states that a closed form orthogonal 
to M is derived. 

COROLLARY Ila. The solution @ is derived if and only if p and » vanish. 

We also state as a corollary the special case when the differential equations 
are homogeneous. If p and o are zero the conditions (4.1) and (4.2) show that 
& and » are admissible on B. Since ¢ is coclosed the periods of *¢@ are defined, 
and by adding a suitable eigenform + € M the relative period of #@ can be 
given assigned values on given relative g-cycles R,‘. These periods will depend 
only on the 5B,*. 

CoroLiary IIb. There exists a unique coclosed harmonic p-form such that 
ted and tad have given admissible boundary values, and #@ has given periods on 
R,(M) independent relative q-cycles whose boundaries are fixed. 


5. The Poisson equations associated with harmonic fields. The differential 
equations satisfied by harmonic fields are the self-dual pair d@ = 0, 5¢ = 0. 
It has been shown that there exists a unique harmonic field having a given 
admissible tangential boundary value and given relative periods (4). We 
therefore formulate the following 


THEOREM III. Let p = pps: and o = a,_, be given forms, derived and co- 
derived on M, respectively. Let & be a form given on B such that 


(5.1) dzt = tp, Sue. = J. 


for all relative (p + 1)-cycles. Then there exists a unique form @ satisfying the 
differential equations 


(5.2) dp=p, t¢6=<2, 
the boundary condition 
(5.3) ip=€ 


and the orthogonality condition (¢,r) = 0,7 € K. 
For the proof we consider the problem 
(5.4) Ad =ip+dco, tp=t, tp =tc; (6,7) = 0, 7 € K. 


A solution exists if and only if for each r € K, 


(ép + de, r) — forwr=o. 
B 


However a simple calculation using Green's formula and the fact that tr = 0 
shows that this condition is in fact satisfied. Thus a solution ¢ of (5.4) exists. 
Again we define 
(5.5) vy = 66 — o = 5(¢ — 2), 
since ¢ is derived, ¢ = da say. We find as before 
dy = did — da = ip — ido 
so that dy = 0. In addition, ty = tid — toc = 0, by (5.4). Thus 
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N(av) = (W.8dv) + Jv Asay =0, 
and we find that dy = 0. Again, 


N(¥) = (¥,8(6 — a)) = (2y, ¢— a) — Jy A (¢—a) =0, 


so that ¥ vanishes identically. This shows that the second of (5.2) holds. 
Let x = do@—p; then bx = ddd — ip = do — dig = 0, since 5¢ = a. 
Since p is derived, p = dt say, we find x = d(¢ — £). Now 


N(x) = (ud(O- 1) = xd + fO-DAex 


The volume integral vanishes since 6x = 0. Now t(@ — £) is an admissible 
boundary value since, first, 


dp(td — tf) = dale — dt = dgt — tp = 0, 
from (5.1), and second, 


f Ke-= f to — a= f e- f p = 0, 
DR» +1 DR» +: Rp +1 dRp +: R 


pt. 


by (5.4) and (5.1). Hence t(¢@ — £) = ty say, where dy = 0 in M, and 


J —f)A*x= ik A *x = Jae A *x) = 0, 


since dy = 0, 6x = 0. Thus x = 0 in M and so the equations (5.2) are both 
valid. This completes the proof of the theorem. 

From Lemma 2 it is evident that the solution normalized orthogonal to 
K is coderived if ¢ = 0. This problem has been studied in Euclidean space by 
Miranda (7). 


6. A mixed problem for biharmonic fields. We consider here a new class 
of harmonic forms, which satisfy the self-dual equations éd@ = 0, did =0. 
Since these have the same relation to biharmonic forms (A*¢@ = 0) as do har- 
monic fields to harmonic forms, they shall be called biharmonic fields. The 
mixed problem for harmonic forms leads to the following result on biharmonic 


fields. 


THEOREM IV. Let p and a be forms of degree p on M, coderived and derived 
respectively. Let § = &, and » = np_: be defined on B, with 


(6.1) dgn = te, f 7 = f c. 
bR»é Ry! 


Then there exists a unique form ¢ = $, satisfying the differential equations 
(6.2) bd@ = p, did = a, 

the boundary conditions 

(6.3) to={, tp =n, 


and the orthogonality condition (¢, 7) = 0, 7 € K. 
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Proof. The uniqueness can be verified at once, from Lemma 1. To establish 
the existence of a solution, we set up the mixed problem 


(6.4) Ad=pt+eo, @=t, tBo=n; (6,7) = 0,7 € K. 
A solution exists if and only if for all r € K, 


(op + 0,7) — fare 
B 


vanishes. Since p is coderived, p = 40 say, and also o = df; this quantity is 
equal to 


(0+ dt,2)- fanrer 
(0,dr) — Jara #9 + (¢, dr) + Sra +T — Jan *T 


Jo —n) A *r. 


We show that é{ — » is admissible. Indeed, 
dg(t{ — 9) = dt — dyn = ta — dyn = 0, 
by the first of (6.1). Then also 


Jon — J. 7 Jin? ’ Jie i Sin? a 


by the second of (6.1). Hence tt — 9 = fa, where da = 0 in M, and 


So —n)A*r= Jc A+r= Jae A *r) = 0, 


as in previous calculations. Thus the condition relative to (6.4) is satisfied, 
and a solution ¢ exists. It remains to be shown that (6.2) are satisfied. 
Now let 
(6.5) v = ddd — p = o — did. 
Since p = 60, we find that y = 6(d@ — @) is coderived. Also 
ty = to — tdid = to — dagtid = to — dgn = 0, 
from (6.1). Thus we find 


N(¥) = (¥,8(d6 — 0) = (dv, do — 6) — Jy A 046-0). 


The surface integral vanishes since ty = 0. Now dy = do — ddid = 0 since ¢ 
is derived. Thus N(y) = 0, so y vanishes identically. That is, the equations 
(6.2) are both valid. This completes the proof. 


We note two special cases of Theorem IV. First, let p vanish so that dd¢ = 0, 
and let — be an admissible tangential boundary value. It then follows easily 
from Green’s formula that ¢ is closed. Second, let « and » both vanish. Green’s 
formula then shows that ¢ is coclosed, and from Lemma 2 it follows that ¢ 
is coderived. 
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7. A Neumann problem for biharmonic fields. The Neumann boundary 
value problem for harmonic forms (2) yields an independent result in connec- 
tion with biharmonic fields. We state first the Neumann theorem in the non- 
homogeneous case. 


LEMMA 3. There exists a unique solution $ of 


(7.1) Ad = p 

which satisfies the boundary conditions 

(7.2) ted =, tto=7 

and the orthogonality condition 

(7.3) (p, r) = 0, dr =0, 6r = 0, 
if and only if for every harmonic field r we have 

(7.4) (p, 7) — Sic At— nA *#r) = 0. 


The proof is similar to that of Lemma 1 and will therefore be omitted. 


We state the application to the biharmonic field equations as follows. 


THEOREM V. Let p and oa be p-forms defined on M which are coderived and 
derived, respectively. Let § = §.4, and » = mp-: be forms defined on B such that 


(7.5) dot = (1%, f g=(-0" fm, 


R,* 
and 


(7.6) dgn = te, f 9 = f o. 
bR»' R,é 


Then there exists a unique p-form satisfying the differential equations 


(7.7) ido = p, did =a, 
the boundary conditions 

(7.8) tedo = §, téd = 7, 
and the orthogonality condition 

(7.9) (¢, r) ae = 0 


for every harmonic field +r defined on M. 
Proof. We formulate the problem 
(7.10) Ad=pt+eo, tedd=t, tto=—7; (6,7) = Oif dr = 0, dr = 0. 


According to Lemma 3, a solution exists if and only if for every harmonic 
field 7, the quantity 


(op + 0,7) + Jeag-ane) 


vanishes. Writing p = 50 and o = df in view of our hypotheses, and making 
use of Green’s formula we find this expression can be put in the form 
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(7.11) Siren @- 0) -@-D Aan. 


As in our previous work, we may show that the conditions (7.5) imply that 
§ — #0 is admissible; and that (7.6) imply that » — ¢ is admissible. A further 
application of Stokes’ formula then shows that the integral (7.11) vanishes 
for all harmonic fields r. Thus the condition of Lemma 3 is satisfied and a 
solution of (7.10) exists. 

As in §6 we set y = dd@ — p = o — dg. It again follows that y = 5(d¢ — 8), 
and, from the first of (7.6), that ty = 0. Since dy = 0, dy = 0, we can again 
show that y vanishes identically. This shows that (7.7) holds and establishes 
Theorem V. 

In contrast to Theorem IV, this last result is self-dual. When p and £ vanish, 
we see by Green’s formula that ¢ is closed, and, by the dual of Lemma 1 
(since ¢@ is orthogonal to the eigenspace dr = 0, ir = 0, mr = 0) that ¢ is 
derived. Dually, ¢ is coderived if ¢ and are zero. 


8. Concluding remarks. Four of the five theorems have been deduced from 
the mixed boundary value theorem for harmonic forms, and one from the 
Neumann theorem. Corresponding special cases of the Dirichlet theorem for 
harmonic forms are not known. 

The conditions on the data of the theorems for harmonic forms all involve 
the eigenforms which are harmonic fields having some special properties. 
However, in the special cases considered in this paper, all of the conditions 
are expressible directly in terms of the data without the appearance of any 
class of eigenforms. The normalizations such as (¢, r) = 0, r € K could be 
discarded, and the solutions would then lose the property of uniqueness. 
Or they could be replaced by suitable conditions on the periods of the solutions. 
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ON SELBERG’S LEMMA FOR ALGEBRAIC FIELDS 


R. G. AYOUB 


1. Introduction. Recently two Japanese authors (1) gave a beautifully 
simple proof of Selberg’s fundamental lemma in the theory of distribution of 
primes.' The proof is based on a curious twist in the Mébius inversion for- 
mula. The object of this note is to show that their proof may be extended to a 
proof of the result for algebraic fields corresponding to Selberg’s lemma. 
Shapiro (2) has already derived this result using Selberg’s methods and de- 
duced as a consequence the prime ideal theorem. 

Let K be an algebraic extension of the rationals of degree k, and denote by 
N(a) the norm of the ideal a and by p, p, etc., prime ideals of K. 

We define u(a) and A(a) as in the case of the rational field, viz., 


(1 ifa = 1 
u(a) = 4(-—1)’ ifa = p,...p,, the p, all different, 
0 otherwise; 


A1@ = log N(a) if ais a power of a prime ideal p. 
> 0 otherwise. 


It is easy to deduce that 


fO ifax¥l 
@) 2, #0) = ll ifa=1 
and 
(2) A(d) = log N(a). 


dla 
The Mobius inversion formula is valid, i.e. if 
f(a) = p> g(d) 
then 


g(a) = E wy/(2). 


It follows that 


" N(o)) 
(3) A(a) = p> u(d) joe NO 

=- > u(d) log N(b). 
Define 


v(x) = >) Aa). 


N(@)<€z 


Received April 3, 1954. 
1This proof was brought to my attention by Dr. Leo Moser of the University of Alberta. 
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It is our object to give a new proof of 


SELBERG’S LEMMA: 


v(x) logx + YS Ala) (52) = 2x log x + O(c). 


N(@)<z 


The proof is based on the next theorem which is the essence of the Japanese 
method; a factor log x is introduced in the Mébius transform with interesting 
consequences. 


THEOREM 1.1. Jf 


se) = (yay) = 
then 


x 
(4) & mo AE) = h(x) log x + oe A(a) (xis). 


Proof. 
x x 
p> m0) A525) = Er, 2, Haat TH) 8 N(6) 


= Z Mais) Fn ee 9 y 


= h(x) log x + p> me =) a) 





by (1) and (3). 


2. Some estimates. We make the following abbreviation: we denote simply 
by the index a summation over the range 0 to x, for example, 


> f(a) means >> f(a), while XL s(n) mee ins >> f(n). 
a N(a)<2 


naz 


In other cases the range of summation will be specified. We sometimes use the 
notation A < B to mean A = O(B). We assume known the following classical 
result of Weber (3): 


(5) [x] = > 1 = gx + a(x), 


where a(x) = O(x'-") with m = 1/k, g is the residue of ¢,(s) at s = 1, i.e., 
hoe ee 

ee w/a 

Here r; and rz are the numbers of real and pairs of complex conjugate fields, 


w is the order of the group of roots of unity, d is the discriminant, R the 
regulator and & is the class number. 








THEOREM 2.1. 
D Na) = glogx +c + O(x™) 
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Proof. Using (5), we get 
Dre = peed 








_ penne, yaa) — ef — 1 


n n 


-2L5+2 a(n)(2 “ wa + 0%) 


= glogx + gy + O(x") + (= i) + O(x”) 


= glogx + gy + O(1) + O(x”) 


= glogx +c+O(x™”), 
where + is Euler’s constant. 


THEOREM 2.2. 
p> N(a)** = O(x’) f0<v<1. 
Proof. Using (5) again, 
2 N(a)™* = 2 (ln) — [» — 1) 0 
«K Do n** + Dd {a(n) — a(n — 1)} 2” 


25 ' ol 
Kx"° + Sah ~ (1 +) \ 
<«K x" + ws an? 
Kx" +x" "log x 
K x". 
THEOREM 2.3. 
> log N(a) = gx log x — gx + O(x* “log x). 
Proof. By (5), 
DX log N(a) = YX ({n] — [x — 1)) log n 
= g>. log n + Le {a(n) — a(n — 1)} logn. 


The second sum, however, is 
<« ¥ a(n) log ( + 1) + x* "log x 
«K Yn + x "log x 


«K x* log x. 
Consequently, 


> log N(a) = gx logx — gx + O(x’ “log x). 
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The object of the next paragraph is to prove 


THEOREM 2.4. 
A(a) 
» Wa) N(a) = log x + O(1). 


Shapiro’s proof is based on several auxiliary results which are needed for the 
proof of Selberg’s lemma. We prove the theorem here directly, using Cheby- 
chev’s ideas. We first notice that 


A@) _ > log N(p) log N(p) 
~Na@ = ¥ No) + a NO) 


~ ERO +o 


It is therefore enough to show that the sum on the right is log x + O(1). The 


number of ideals a with N(a) < x and divisible by a prime ideal p is [x/N(p)] 
and so on for p? etc. Hence 


x x 
I] N(a) = Il vo)| x | + Ler or 


x 
> log rola + Fa es , 
> log N(>)| W@) 

+ O(x) p> log N(p){N(p)* + N(py* +...) 


= log N 
exd, ie + O(x" > log N(p) 


and 


(6) p> log N(a) 





The third sum on the right is O(1); we now evaluate the second one. For this 
purpose we introduce the function @(x) = }-» log N(p). Since N(p) is at most 


b* for some rational prime p, we conclude that (x) is O(S-, log p) = O(x). 
Hence 





Erg) . ped =e 
K DL O(n) {n"* — (wn + 1") + x” 
«K > n™* + x” 
< 2, 

Using Theorem 2.3 and (6), we deduce Theorem 2.4. 


THEOREM 2.5. 


> (52) = gxlogx — gx + O(x* "log x). 
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Proof. 
x 
Eva) - FZ aw 
- EE a0 
= > log N(c) 


gx logx — gx + O(x’ "log x), 
using (2) and Theorem 2.3. 


3. Proof of Selberg’s Lemma. In (4), we put A(x) = ¥(x) —x + ¢/g+1, 
where c is the constant of Theorem 2.1. Then 


h(x) log x + x A(a) (x35) 


Cc x 
= log =4 ¥(2) —-z+ ¢ + it + > A(a) A525) 
A(a) 
- x>> N(a) + O(y(x)) 


= log x v(x) + D A(@) (52) —2s log x +0(x)+0(V(x)), 
by Theorem 2.4. On the other hand, 


ro) =a ote) ~ Ear" + (649) E] 


log x{g x log x — gx + O(x* "log x) — gx logx 


— cx — O(n") + (< + 1) (gs — O(x*"))} 
O(x*"log’x) = O(x*"*"), 


by (5) and Theorems 2.1 and 2.5. Consequently 


> u(@) (525) = O(e'*) Nay 


= O(x), 


by Theorem 2.2. 
Combining these results, we conclude that 
x 


¥(x) log x + x A(a) (525) = 2x log x + O(x) + O(v(x)). 


Since 6(x) = O(x), then ¥(x) = O(x), but it will be noticed that this fact is a 
consequence of the above inequality. The proof of the theorem is therefore 
complete. 
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CORRECTION TO 
“ON A GENERALIZATION OF THE FIRST CURVATURE 
OF A CURVE IN A HYPERSURFACE 
OF A RIEMANNIAN SPACE”’ 


T. K. PAN 


The author takes this opportunity to correct some errors in his paper 
“On a generalization of the first curvature of a curve in a hypersurface of a 
Riemannian Space’’, in this Journal, 6 (1954), 210-216. 


Page 211, line —9: for “is the unit first curvature vector of C in V, at P” 
read “‘is a unit vector’’. 
Page 212, line 8: for “K,” read “K,”’. 
9: for “K, is the first” read “K, = g,, p‘ »! is called the pro- 
jected first’’. 
11: for “K, = 0” read “K, = VW (gi; p' p’) = 0”. 
15: for “‘its first’’ read “‘its projected first’’. 
Page 215, THEOREM 4.2: for ‘‘vector’’ and “‘vectors’’ read “‘unit vector’’ and 
“unit vectors”. 
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